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ON REFLEX VISUAL SENSATIONS AND 
COLOR CONTRAST* 


By FRANK ALLEN 
SYNOPSIS 

Section I. In this section experiments are described in which spectral colors of known 
wave lengths are allowed to fall on one side of the vertical median line of the right retina, and 
the reflex enhancement of all parts of the spectrum are measured for the contiguous area on 
the other side of the retina. It is shown that reflex enhancement of the red, green, and violet 
colors is produced, but that the predominant enhancement is in the portions of the spectrum 
complementary to the active color. The six equilibrium colors produce no effect. 

When white light and darkness are used instead of colors, enhancement of the whole spec- 
trum results. Darkness on the reflex area diminishes the brightness of the whole spectrum. 
It was found also that the black interior of the eyepiece of the observing spectrometer had 
an important effect which must be taken into account. Numerous curves are plotted from 
the measurements which show the effects obtained with each color. 

Section II contains the theoretical discussion of the results, and explanations are 
offered for colored shadows, for simultaneous color contrast under various conditions, for 
luminosity contrast, and for successive contrast. 

It is shown that the explanation of contrast is physiological and not psychological, 
though the nature of the visual reflex renders necessary the operation of the visual centres of 
the brain. 

Certain deductions are made regarding the probable non-contrasting peculiarities of 
equilibrium colors. 


I. EXPERIMENTAL 


Simultaneous contrast or spatial induction of colors has long re- 
mained one of the great outstanding difficulties in formulating an 
acceptable theory of color vision. Notwithstanding prolonged observa- 
tion and study it has been found impossible to decide conclusively 
whether the phenomena have their origin in the physiological processes 
of the retina or in the psychological operations of the visual centres. 


*Read at the meeting of the Royal Society of Canada, Ottawa, May, 1923. Also at the 
meeting of the Optical Society of America, Cleveland, Oct., 1923. 
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Color theorists consequently have adopted widely divergent opinions 

on the vexed question. Peddie,’ in his recent work, believes the three 
component theory of Young to be so completely and securely estab- 
lished that it makes no difference which explanation is correct, the 
physiological or the psychological, rather indifferently remarking that 
“the question is merely one of fact.” Greatly differing from this is 
Hartridge’s? acceptance of the psychological explanation coupled with 
the further opinion that failure to account for the phenomena of 
contrast is no reproach to any theory of color vision, inasmuch as two 
theories are necessary, one for the purely retinal or peripheral processes, 
and a second for the central or psychological. “We need not, how- 
ever,” he says, “go further into these matters because it is now 
established, almost beyond dispute, that while colour vision depends 
on peripheral analysis, i.e. in the retina, simultaneous and succes- 
sive contrast are due to processes of central origin, i.e. in the brain. 
It is not therefore necessary for any hypothesis which is supposed to 
represent the peripheral processes to offer an explanation of contrast 
as well.” 

By using the expression “spatial induction” for the traditional term 
“simultaneous contrast,”’ Parsons* appears to regard the phenomena as 
physiological in their origin. 

It can scarcely be doubted, however, that in establishing a correct 
theory of color vision it is of fundamental importance to prove beyond 
question whether contrast, both color and luminosity, is physiological 
or psychological in its nature. For especially if it is the former, the 
establishment of that fact is altogether likely to suggest additional 
phenomena which may throw light upon the whole process of color 
vision. 

In a recent communication‘ on ‘Reflex Visual Sensations’ it was 
shown by the writer, with an abundance of experimental verification, 
that every ray of light produced upon the retina two general effects, 
a direct and a reflex. The direct action fatigued either one or two of 
the primary sensations, red, green, and violet, according as the color 
stimulus was simple or compound in its nature; the reflex effect caused 
the excitation of all three sensations in such a manner as to enhance 
their luminous response. It was further indicated that this reflex 


1 Colour Vision, p. 21. 
? Brit. Jour. Ophthal., March, 1923. 
* Colour Vision, p. 125. 

‘J.0.S. A. & R.S. L, p. 583, 1923. 
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action was responsible for the production of the white light underlying 
all sensation of color, and that this light was also to be identified with 
the self light of the retina, which is white, or possibly yellowish, in 
tone.® 

The reflex efiect was found to be transferred from one eye to the 
other; or, if both were to be regarded as transferable, the reflex was 
always greatly in excess of the direct. In the case of six colors it was 
also found that the direct and reflex effects balanced or neutralized each 
other, so that even after prolonged exposure of the eye to their in- 
fluence, all colors of the spectrum were seen without diminution or 
enhancement of brightness. In consequence these hues were termed 
equilibrium colors. 

Since darkness adaptation of one eye was found strongly to affect 
the other, the experiments were conducted in a room illuminated with 
ordinary daylight, so that the unused eye was maintained in daylight 
adaptation. 

These discoveries suggested that probably the reflex effects of color 
stimulation might also be transferred from one area of a retina to 
adjoining regions, and thereby afford a definite physiological explana- 
tion of the modification of the appearance of two adjacent light or 
colored areas by the reflex influence of each upon the other. 

The most convenient as well as the most obvious method of studying 
this application of reflex sensations was to fatigue an area of the retina 
on one side of the vertical median line, and to measure the duration of 
the flashes of light at the critical frequency of flicker on the contiguous 
area on the other side. 

For this purpose a normal curve was first necessary as a standard of 
comparison. The normal curve in the previous investigation’ was 
obtained for the central part of the retina including areas on both sides 
of the median line. New measurements were made with the same 
apparatus and adjustments as were used before. The right eye was 
fixated on a small dust particle adhering to the edge of the shutter on 
the right side of the rectangular patch of color in the spectrometer 
with which the measurements were made. The patch of color was 
thus viewed by slight indirect vision. It was found that the new meas- 
urements coincided with the normal curve previously obtained, which 
is therefore reproduced here from the former paper. The data are 
given in Table 1. 


’ Peddie: Colour Vision, p. 81. 
*j.0.S.A.&R.S. L, p. 587, 1923. 
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The adjoining retinal area was then fatigued by fixating vision on a 
conveniently situated particle on the edge of the shutter on the left 
side of the fatiguing rectangle of color in a second spectrometer with 
which an electric arc was employed as the source of light. By this 
method, fatigue could be confined to one retinal area, and the reflex 
effects—and the direct if any—transferred to the adjacent area, could 
be investigated. 

This method of study is extremely well adapted for investigating 
these transferable effects. For if the curves obtained under the condi- 
tions just described always coincided with the normal, it could safely 
be inferred that no effect, either direct or reflex, measureable by this 
method, was transferred from the fatigued to the observing area. 


TaBie 1. Color Contrast 













































































d | Normal | 676. | 660u | 588 | .572p | 569m | 545y | 450u | .410y 
Sec. | Sec. | Sec. | Sec. | Sec. | Sec. | Sec. | Sec. | Sec. 

750u| 0.0360 | 0.0344 | 0.0353 | 0.0336 | 0.0364 | 0.0349 | 0.0342 | 0.0340 | 0.0335 
740 | .0335 | .0311 | 0329 | 0308 | .0338 | .0326 | ———| .0315 | .0315 
720 | .0287 | .0266 | 0271 | 0291 | | 0274 — 
.700 | .0244| .0224| 0240} .0229| .0245| .0237| 0231 | .0229 | .0231 
680 | | 0190 | —-— | .0196 | | —— | 
660} .0174 | .0166 | .0178| .0164| .0172| .0166 | .0166| 0169} .0173 
640 0156 0147 
620} .0152| .0145/ .0153 | .0138 | .0152 | .0145 | .0147| .0150 | .0145 
590 | .0148 | .0140 | 0150] .0134] .0145| .0142| 0141 | 0141 | .0140 
550} .0155 | .0147| 0154] .0140] .0153 | .0150| .0148 | 0147 | .0142 
530} .0165 | .0157 0151 | a | ——— | .0158 | .0154 
500} .0209 | .0202| .0205| .0198 | .0202| .0197| .0204| .0206| .0193 
480} .0255| .0247 0241 | —— | 

450 | .0336 | .0334 | .0338 | .0319 | .0342 | .0330 | 0324 | .0321 | .0309 
433 | ——— | .0378| .0391| .0370| .0404| .0376| .0369| .0365 | .0355 
420} .0431| .0412| .0426| .0413| .0434| .0424| .0418| .0411 | .0390 
410 0459 | .0439 | .0437 | 

















Since, also, in the normal eye fatigue invariably shows itself by pro- 
ducing a diminution of the physiological brightness of either one or two 
spectral regions, causing corresponding elevations above the normal, 
it could readily be ascertained from a comparison of the curves whether 
the direct effect of fatigue was similarly transferred. Finally, if the 
curves showed depressions below the normal, it would then be proved 
that color and light impressions produced reflex effects upon contiguous 
areas. 


} The first color used for fatiguing purposes was red of wave length 
.676u. The measurements obtained are given in Table 1, together with 














Nov., 1923] REFLEX NATURE OF COLOR CONTRAST 917 


similar measurements for all the full color curves discussed in this 
paper. The curve is shown in Fig. 1 in comparison with the normal. 
The presence of three reflex depressions proves that the effect of the 
active color falling upon one side of the retina was transferred to the 
adjoining area by reflex action and not by direct. The curve shows that 
red light has affected the three sensations red, green, and violet, en- 
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Fic. 1. Reflex Curve for .676y. 


hancing the perception of those colors. The curves approach each other 
closely at the wave lengths .474 and .65y, which were termed coin- 
cidence points. Only one curve was obtained for red, and for each 
general color. 

It was anticipated that the equilibrium color .660% would have no 
effect either in diminishing or enhancing color perception. In Fig. 2 
the curve is shown which coincides with the normal throughout its 
length. 
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Only one color for yellow and orange was used, that selected being 
5884. As the curve in Fig. 3 shows, this color caused two reflex 
depressions, the larger extending from the red to the wave length .50y, 
and a smaller from there to the end of the violet. The larger shows some 
evidence of division into two smaller parts at the wave length .68u. 
The second equilibrium color .570u4 was then used to fatigue the eye. 
After the measurements had been made the setting of the spectrometer 
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Reflex Curve for 660. 


Fic. 2. 





was reéxamined and found to be .569u4. The data in the table are 
therefore for this latter color. The curve in Fig. 4 shows depressions 
though not very clearly differentiated into three parts. Readings for 
the exact color .570u% were made for a few points in the middle of the 
spectrum, but depressions were always shown. Finally the wave length 
.572u4 was employed as the active color, and, as the corresponding curve 
in Fig. 5 shows, produced no depressions, and therefore may be regarded 
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as the equilibrium color. 


wave length .5724 given here may be a little more exact. 
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Previous determinations of this equilibrium 
point appeared to fix it quite accurately at .570u, but the particular 


Abney 
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Reflex Curve for 588. 


and Kénig found that their sensation curves’ for red and green inter- 
sected at .577u and .573yu, respectively; and this new determination 





























TaBLe 2. Color Contrast. Partial Curves 

— | ! 

d Normal | .660u | 588u 569u | 572u 574u 
fe 

Sec. | Sec. | Sec. Sec. Sec. Sec. 

660u| 0.0174 | 0.0178 | 0.0164 | 0.0166 0.0172 0.0168 
620 0152 | 0153. | 0138 | 0145 0152 0147 
590 0148s 0150 0134 | 0142 0145 0143 
550 0155 0154 0140 | 0150 0153 0149 
530 0165 ois | - 
500 0209 0205 | 0198 | .o197 | 0202 .0202 








7 Parsons: Colour Vision, p. 230. 
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of the equilibrium color serves at least to bring it very closely in 
harmony with the latter. 
From the data in Table 2 the central portions of several curves are 


given in Fig. 6 which indicate clearly the definiteness as well as the 
narrowness of the equilibrium region. 
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Fic. 4. Reflex Curve for 569. 


The color .5454 was then used as the fatiguing stimulus with the 
result shown in Fig. 7. This curve shows three small depressions 
separated by the coincidence points at about .50yu and .65y. 

The visually complex part of the spectrum from .520u to .480u was 
studied by obtaining the central portions of the curves. The measure- 
ments are shown in Table 3, and the curves are all plotted in Fig. 8. 
It will be seen that the equilibrium colors .520u, .505u, and .480p, do 


not give rise to any transferable effects, since no enhancement of bright- 
ness results. 
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Only one color in the blue was used as the fatiguing stimulus, that 
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selected being .450u, the curve for which is shown in Fig. 9. This is 
characterized by three well marked depressions 


























TABLE 3. Color Contrast. Partial Curves 
l | ) l = — 
iN Normal 545 yu .520u Si5u | 5054 | 495u 480u 450u 
2 = ———S ee ee 
Sec. Sec. Sec. | Sec. | Sec. | Sec. Sec. 
660u| 0.0174 | 0.0166 | 0.0174 0.0169 | 0.0174 | 0.0176 | 0. a 0.0169 
620 0152 0147 0154 | .0149 .0150 0151 0154 0150 
590 .0148 .0141 0145 | 0142 .0147 .0144 | 0147 .0141 
550 0155 .0148 0152 | .0147 | .0151 .0147 0153 .0147 
530 0165 | ——— a 7 0161 0157 0163 .0158 
500 0209 0204 0203 | 0196 | 0203 0204 | 0203 | .0206 





The equilibrium color .425u was found to give a curve coincident 


with the normal similar to that in Fig. 2 
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Reflex Curve for 572. 
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The violet color .410u, as is shown in Fig. 10, gave two reflexes, the 
larger of which is partly subdivided into two smaller depressions at the 
‘coincidence point,’ about .5iu. Considering the very low intensity 
of this color, about one seven-hundredth of the brightness of yellow, 
its reflexes are the greatest of all. 
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Fic. 6. Partial reflex curves for colors indicated. 





The remarkable character of the equilibrium colors is shown in three 
ways. First, they produce no action transferable from one eye to the 
other;* second, they show no effect on the fatigued area of a retina;* 
third, they produce no transferable effect from one area to another on a 
single retina. 

The reflex depressions generally were not as large nor as sharply 
defined as expected, and are considerably smaller than similar reflexes 
obtained in the right eye from the action of colors on the left as de- 


§J.0.S.A.&R.S.I1., p. 585, 1923. 
* Ibid: p. 600. 
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scribed in the former paper on reflex visual sensations to which refer- 
ence has just been made. 

Though it ought to have been evident at first, it was not realized by 
the writer until most of the curves had been obtained, that when vision 
was fixated on the edge of the bright fatiguing patch of color, the retina 
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Fic. 7. Reflex curve for .545p. 





was really not under one but under two influences. On one side of the 
retina was the active fatiguing color, and on the other darkness due to 
the black shutter. The retinal area in which the reflexes were obtained 
and studied was consequently under the neutralizing effect of darkness 
adaptation. This, as the previous investigation showed,’® and con- 
firmed in several subsequent figures in this paper, has the effect of 
wholly or partially counteracting the reflex enhancement of the color 
sensations. In the preceding curves the reflexes are not completely 


Ibid: p. 608. 
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neutralized, but the depressions are not as deep as they should be to 
give a just representation of the reflex effect of the active color. 

In order to test this experimentally, a piece of white paper was 
placed on the left shutter in the Hilger eyepiece of the fatiguing spectro- 
meter, and illuminated by reflecting daylight upon it through a hole 
in the top. The first measurements made under these conditions 
showed a smaller reflex than that obtained with the dark shutter. 
From this it was evident that the white light reflected from the paper 
was so dim that it was much more effective than complete darkness in 
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Fic. 8. Partial reflex curves for colors indicated. 


counteracting the reflex effects of color. This was quite in accordance 
with what was previously found" in the investigation of the effect 
of weak light upon the perception of color. 

By means of mirrors the intensity of the daylight reflected from 
the white paper was considerably increased, and the green-yellow reflex 
again measured and found to be doubled in depth. 

These effects were studied only for the central part of the spectrum 
with the two fatiguing colors .687y and .450u. The results are given in 

" Ibid: p. 608. 
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Tables 4 and 5, and the curves are shown in Figs. 11 and 12, respec- 
tively, on a somewhat larger vertical scale than that in the other figures. 
In both figures, A, is the normal curve; B, the reflex curve obtained 
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Fic. 9. Reflex curve for 450p. 




















for adaptation with dim white light; C, the reflex curve obtained with 
darkness adaptation; and D, the reflex curve obtained with daylight 
adaptation. 


TaBLe 4. Curves for Wave Length 687 








Dim Light | Darkness | Daylight 


| 


Normal | Adaptation | Adaptation Adaptation 





Sec. Sec. Sec. Sec. 
0.0174 0.0171 | 0.0169 0.0166 
0152 0149} .0147 .0145 
0148 0145 | .0142 | ~ .0137 
0155 oisi | 0147 | 0141 
0165 0161 0155 | 0151 
0209 0204 0200 0198 
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hese results show that all the depressions in the full curves pre- 
viously discussed in this paper are really comparable with curve ( 











TABLE 5. Curves for Wave Length 150 
| | Dim Light Daylight 
d | Normal ee: Adaptation a 
| Sec. Sec. Sec. 
590 | 0.0148 0.0145 | 0.0136 
550 0155s | 0152 | .0142 
530 | 0165 | 0163 |  .0150 





When darkness and dim light adaptation are both completely removed, 
the depressions should properly be enlarged to nearly double the depth 


























- 
4 £8 
Se as Regtex Curve 
;& | for -4/0p o——< 
; vo] Normal *—_—-—s 
ee 
os as | 
“0% T 
| \ | 
1 Vt 
\\ | 
03 + : 
| \ ! 
| ‘ q 
. ' i 
-03 Vv T + 
£ | \\ 
2 ;\s 
v i\s 
S | Ik 
02 + " + 








| | \ i 
org} t 





0.015 
































[ 
oa a ee Oe eee ——— — d 
9a! o«- =a 4 

Wa ngt : 























40pm -4S 50 ry te? 6s 70 


75 
Fic. 10. Reflex curve for 410y. 
in order to represent fully the reflex enhancement of the color sensa- 


tions. It may also be inferred from Figs. 11 and 12, that enlarge- 


ment of the depressions will also sharpen their three-fold division 
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As so much time and labor had been expended in obtaining the curves 
shown in this paper, the writer did not repeat the measurements under 
the optimum condition of adaptation, contenting himself with the 
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Fic. 11. Partial reflex curves for wave length 687 with different conditions of adaptation. 


double proof that they represent intermediate values of the reflexes, 
and that their real magnitudes are much larger than the curves indicate. 





T 


-—- 4 


—+—___—_____ 


+- 


-O2 








Second. 





0-015 





— 
Zi A wormal tor +450 
B Dim Ligh Adapta ion 


C Darkness 
DDaylight « 


Waive Lenoth. S| 


— 


-SOp, -$55 -b0 -b5 
Fic. 12. Partial reflex curves for wave length .450y with different conditions of adaptation. 


























The curve for the wave length .410u, however, was obtained with 
the reflex area of the retina in sufficient daylight adaptation, and there- 
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fore probably represents the maximum reflex enhancement obtainable 
with this color. 

The reflex effect of white light was also obtained by focussing a 
small but intense circular patch of white light from the arc upon the 
edge of a white porcelain plate. By fixating vision upon the edge of the 
plate a semi-circular patch like a half moon was formed on one side of 


TABLE 6. Luminosity Contrast 


















































Darkness. Darkness. White 
r Normal Reflex Direct Light 
Sec. Sec. Sec. Sec. 
750 0.0360 0.0348 0.0370 0.0344 
740 0335 0320 0348 .0325 
720 0287 —— 
700 0244 0230 0255 0231 
680 
660 0174 .0165 .0179 .0162 
.640 } 
620 | 0152 | 0148 | 0158 0143 
.590 0148 | 0142 SO 0151 | .0136 
550 15S | 0150 |  .0158 0142 
530 0165 0160 | .0169 0153 
500 0209 | 0199 | 0226 | 0189 
480 | 0255 | ami— 
450 | .0336 | 0328 | ——ae | 0320 
433 ictalens inte | 0432 | 
420 | .0431 0413 0480 | 0402 
410 = (| 0459 eat Meee 


| 





the retina. The other adjoining side was illuminated by daylight 
reflected from the wall of the room behind the plate. The left eye 
was shielded so that it was only in daylight adaptation as before. 

The measurements are given in Table 6. The curve, shown in Fig. 13, 
lies wholly below the normal, showing reflex enhancement of the bright- 
ness of the entire spectrum. The reduced curve at the bottom of the 
figure indicates a three-fold division corresponding to the color sen- 
sations. 

It may be noted here that while observing the half disc of intense 
white light, there appeared on the other side of the retina, after about 
forty seconds, a dark olive green patch similar to the white in shape, 
but of about two-thirds the area. If the left eye was kept closed until 
the dark green patch was well developed, and then suddenly opened in 
daylight, the patch became for a few seconds bright green in color. 

The effect of darkness adaptation of one area upon another was then 
studied. For this purpose a piece of black velvet was tied over one-half 
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of the end of a paper mailing tube about fifteen inches long and two 
inches in diameter. This was directed against the light wall of the room. 
Vision was fixated on the edge of the velvet so that the side of the 
retina formerly fatigued was in darkness adaptation, and the other in 
daylight. It must not be overlooked that the inside of the long tube 


produced on the retina a dark area around the whole image of the 
black and white end of the tube. 
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Fic. 13. Reflex curve for white light. 


The measurements obtained are given in Table 6, and are plotted as 





the lower curve, B, in Fig. 14. This curve shows that the whole spec- 
trum was enhanced in brightness as the result of the transferred effect 
of darkness adaptation. By rotating the tube the conditions of adapta- 
tion of the retinal areas were reversed, and the direct effect of darkness 
was studied. These measurements showed that the brightness of the 


spectrum was diminished in all parts as indicated by the upper curve, 
A, in Fig. 14. 


Both reduced curves show recognition of the three 
sensations. 
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The enhancement of the brightness of a white surface may be 
readily seen by looking with one eye through a tube at a light surface, 
the other eye also being directed at the same. The exclusion of light 
from the peripheral retina of one eye by the long tube gives a circular 
band of darkness around the central disk of white on the retina. There 
is no illusion about the increased luminosity of the white to the eye at 
the tube, as the curve, B, shows the effect to be measureable and hence 
physiological and not psychological in its origin. 
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Fic. 14. Curves obtained under different conditions of darkness ada plation. 


The inside of the eye pieces of observing instruments is usually 
painted dead black. This probably is primarily intended to absorb any 
stray or scattered light. From these experiments it is obvious that the 
surrounding darkness considerably enhances the brightness of what- 
ever light or color is seen. It is equally obvious that in making exact 
and delicate measurements of the comparative brightness of light and 
colors, care must be exercised with regard to the conditions of adapta- 
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tion of the unused eye, and also of the different portions of the observing 
retina. All colors do not seem from Fig. 14 to be equally influenced 
by darkness enhancement, and quite appreciable errors may therefore 
be unwittingly introduced. 

Though darkness has been regarded as a positive influence producing 
these effects, it is more probable that they are caused by preventing 
light from having the real positive influences. 

From these experiments it may be concluded that light of every wave 
length falling upon an area of a retina enhances by reflex action the 
three fundamental sensations, red, green, and violet, in adjoining areas; 
also that the direct and reflex effects of the six equilibrium colors 
counterbalance each other so that no apparent fatigue or enhancement 
results. Never has the writer found in experiments upon his own eye 
evidence that fatigue, i. e., the direct action of light, was transferred 
from eye to eye, or from area to area on a single retina. The only trans- 
ferable influences are effected through the agency of the visual sensory 
reflexes. 

It is possible that direct effects may be transferred, and this may con- 
stitute a factor in abnormal vision. But in normal vision it seems pos- 
sible to conclude that reflex effects of color are always transferred alone 
or in excess of the direct. 

The curves described in this paper are identical with those obtained 
by reflex action from one eye to the other, which were described fully 
in the paper on reflex visual sensations, to which reference has been 
made. 


II. THEORETICAL 


Before proceeding to apply the experimental results to the elucida- 
tion of the phenomena of contrast or spatial induction, we may with 
advantage summarize briefly our present knowledge of the two-fold 
action of light upon the retina. 

The first part consists of the direct action which when continued 
produces fatigue, and in consequence, diminishes luminosity by en- 
feebling the response of the receptor elements of the retina. The direct 
action of each color was considered by Helmholtz always to cause 
stimulation of all three sensations. From this doctrine Abney” dis- 
sented in part; for he considered that ‘‘the red stimulates only the red 
sensation in one part of the spectrum, whilst the violet stimulates both 


® Researches in Colour Vision, p. 231. 
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the red and the blue, and not the green sensations. A green color not 
only stimulates the green sensation, but it stimulates the red and blue 
sensations as well, as is shown in Helmholtz’s diagram.” 

Experimental evidence already obtained in the writer’s laboratory 
through the study of abnormal vision, the results of which will be pub- 
lished in due course, are in agreement with the assumption of Helm- 
holtz. The writer therefore feels justified in concluding that the direct 
action of light stimulates all three sensations, but that the predominant 
effect extends to the one sensation chiefly involved if the color is simple, 
i.e., red, green, or violet, and to the two sensations chiefly involved if 
the compound colors, orange, yellow, and blue are employed. 

The reflex effect, the second part of the dual visual process, always 
produces enhancement of the three sensations, but the predominant 
effect is upon the sensations complementary to the active color. The 
characteristic reflex influences are transferred from eye to eye, and 
from one retinal area to the parts adjoining. In brief the predominant 
direct and reflex effects of an active color are complementary to each 
other. 

We may now consider how two contiguous patches of color, e.g., 
yellow and green, affect each other when viewed by a single retina, 
vision being fixated on a point in the junction of the patches. The 
reflex effect of yellow is transferred to the area occupied by the green, 
resulting in enhancement of all three sensations, red, green, and violet, 
though the predominant enhancement covers the complementary of 
yellow. The green light directly affects all sensations, but predomi- 
nantly the green. Since the complementary of yellow is now enhanced, 
the green stimulates that more than is normally the case, with the result 
that consciousness now perceives green mixed with the complementary 
of yellow. Similarly, on the adjoining area yellow is perceived mingled 
with the complementary of green. Thus yellow and green are both 
perceived mingled with the complementary of each other. But it must 
not be forgotten that since all three sensations are enhanced in sensitive- 
ness in each case, the complementary modification of colors is only a 
predominant effect, and probably can never absolutely be realized. 

Since the complementary of green is purple, a mixture of red and 
violet sensations in which red is predominant, it follows that the con- 
trast modification of yellow is more in the direction of red than of 
violet; that is, yellow when contrasted with green appears to be moved 
away from its green competitor in the spectrum towards the red. 
Similarly the green will be mixed with the complementary of yellow, 
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which is ultramarine-blue, and therefore appears to be moved away 
from the yellow towards the violet. 

These conclusions are in harmony with the statements of Parsons,” 
who says: “The most important element in colour-contrast from our 
present point of view is the opponent or complementary effect. . . 
Under ordinary circumstances the induced color is not the precise 
complementary of the inducing. . . .”’ Likewise Rood™ states that 
“when two colored surfaces are placed in contiguity, each is changed 
as though it had been mixed to some extent with the complementary 
color of the other”; and also” that the effect produced by contrast is 
apparently to move the spectral colors both farther apart. 

From the point of view of this paper, contrast is not a relative 
eflect, as it is frequently considered to be,”* but is absolute in the sense 
that the modification of color is as physiologically real as are the 
original colors. 

If the two contrasting colors are normally complementary, their 
mutual reflex enhancing effects of necessity will accord predominantly 
with the active colors themselves. There will therefore be a marked 
increase in the brightness and saturation of the colors. There ought to 
be, however, some alteration, though possibly but slight, in hue. 

Since the predominant reflex influence enhances the complementary 
of a color, it also follows that similar colors when contrasted will lose in 
brightness, for the amount of enhancement each receives from the 
other is insufficient to compensate the loss in brightness due to fatigue. 
The reflex stimulation of all three sensations results in the production 
of white which therefore will lessen the saturation of the colors. Some 
modification of the hue, however, again should result. 

These conclusions also agree with those of Rood.” 

The further remark of Rood"* that the changes in hue and saturation 
of intense, pure, and brilliant colors are particularly conspicuous after 
somewhat prolonged observation is also in harmony with the experi- 
mental results described in the first part of this paper, for the marked 
reflex enhancement of portions of the spectrum shown by the depres- 
sions of the curves, were obtained after exposing the eye to intense 


'8 Colour Vision, p. 128. 

§ Modern Chromatics, p. 244. 

% Tbid., p. 246. 

© See e.g. Peddie, Colour Vision, p. 21. 
‘7 Modern Chromatics, p. 247. 

18 Ibid., p. 252. 
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colors for about two minutes before each measurement was made. 
No doubt the reflex action follows very rapidly after the direct exciting 
color, but it grows in magnitude with time until the maximum or 
saturation point is reached. 

Though the writer has no experimental evidence to adduce regarding 
the character of the reflex effects of weak colors, yet it can scarcely be 
doubted that reflex effects are excited by them proportionately with 
intense colors. Investigation perhaps would show that the reflex 
action is even disproportionately large; and there can scarcely be any 
doubt that the changes due to reflex influence would be perceptible in 
a far shorter time. 

When pale colors are contrasted it is well known that most striking 
modifications occur at the first glance. But in these cases the results 
of the reflex enhancement of the complementary sensations must be 
apparent the moment they are aroused. The very delicacy of the active 
colors renders the least modification of tint noticeable. 

There seems therefore to be no essential difference between the 
contrast effects of pale colors and those of intense colors, and an 
explanation satisfactory for one may be considered quite applicable to 
the other. Simultaneous contrast is closely allied with successive 
contrast; the difference from the present standpoint is largely, perhaps 
altogether, the degree to which the several reflexes are permitted to 
develop. 

There is already some evidence that the reflexes do not develop in 
the same time. Probably, too, the rates of excitation and development 
are dependent on wave length and luminosity. These matters, it is 
hoped, will be discussed in a later communication. It seems quite 
probable, however, that contrast effects with intermittent illumination 
will generally not be quite the same as with steady observation. 

The explanation of contrast advanced by Helmholtz and adopted by 
Rood is that it is due to errors of judgment. Two experiments de- 
scribed by the latter’ to enforce this explanation may with advantage 
be considered here. 

“We carry in ourselves no standard by which we can measure the 
saturation of color or its exact place in the chromatic scale; hence, if 
we have no undoubted external standard at hand with which to compare 
our colors, we are easily deceived. A slip of paper of a pale but very 
decided blue-green hue was placed on a sheet of paper of the same 
general tint, but somewhat darker and more intense or saturated in 


19 Modern Chromatics, p. 253. 
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hue. The small slip now appeared grey, and by no effort of the reason 
or imagination could it be made to look otherwise. In this experi- 
ment no undoubted pure grey was present in the field of view for com- 
parison, and in point of fact the small slip did actually approach a pure 
grey in hue more nearly than the large sheet; hence the eye instantly 
accepted it for pure grey. The matter did not, however, stop here. 
A slip of pure grey paper was now brought into the same green field, 
but, instead of serving as a standard to correct the illusion, it assumed 
at once the appearance of a reddish-grey. The pure grey really did 
approach reddish-grey more than the green field surrounding it, and 
hence was accepted for this tint. The same pale blue-green slip, when 
placed on a pale-reddish ground, assumed a stronger blue-green hue 
than when on a white ground. In the first of these experiments we 
have an illustration of harmful and in the second of helpful simultaneous 
contrast. The result in both cases coincided with that which successive 
contrast would have produced under similar circumstances.” 

The principle of reflex sensations provides a physiological explana- 
tion of a radically different character. 

The intense blue-green of the large sheet enhances reflexly the three 
color sensations in the retinal area covered by the pale color, but 
predominantly the sensations complementary to the exciting color. 
The pale blue-green stimulates not only its own proper sensations 
but also the enhanced complementary to an extent much greater than 
normally is the case. The pale blue-green and its complementary 
therefore unite to give the observed grey appearance. 

In the second experiment, the light from the grey paper in its turn 
fell upon the same enhanced sensations, stimulating especially the part 
complementary to the intense blue-green. As the grey paper has no 
color of its own to unite with this complementary, the latter is seen 
alone. Hence the grey paper appears reddish-grey. 

In the third experiment, the reddish color of the ground enhanced 
its complementary sensation which is blue-green. Hence the latter 
does not modify the pale blue-green color, but intensifies its appearance. 

In all three cases the changes in color of the pale blue-green and other 
papers are as much physiological realities as are the original colors. 
Instead of the judgment being ‘deceived,’ it is, on the contrary, ex- 
tremely truthful and accurate in estimating the collective result of the 
composite physiological processes involved in the contrast modifica- 
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tion of color. Contrast is due to the remarkable accuracy of the judg- 
ment instead of its deception. 

As a second example of contrast the famous experiment on coloured 
shadows may be considered. This is described in great detail by Rood. 
Two shadows of an obstacle are simultaneously cast on a white surface 
by white daylight and an orange-yellow candle flame. All parts of the 
surface are therefore illuminated by the yellowish candle light, except 
the shadow cast by it. This will be illuminated only by daylight, but 
by contrast with the yellowish surface will appear decidedly blue. 
“For the production of the most powerful effect, itis desirable that the 
shadows should have the same depth, which can be effected by regu- 
lating the size of the aperture admitting daylight. Now, although the 
shadow cast by the candle is actually pure white, yet, by contrast with 
the surrounding orange-yellow ground, it is made to appear decidedly 
blue. So strong is the illusion that, even after the causes which gave 
rise to it have disappeared, it still persists, as can be shown by the 
following experiment of Helmholtz: While the colored shadows are 
falling on the screen, they are to be viewed through a blackened tube 
of cardboard, held in such a way that the observer has both the shadows 
in his field of view. After the blue shadow has developed itself in full 
intensity, the tube is to be moved so that the blue shadow may {fill 
the whole field. The tube being held steadily in the new position, the 
shadow will still continue to appear blue instead of white, even although 
the exciting cause, viz., the orange-yellow candle-light, is no longer 
acting on the eye. The candle may be blown out, but the surface will 
still appear blue as long as the eye is at the tube. On removing the tube, 
the illusion instantly vanishes, and it is perceived that the colour of 
the surface is identical with that of the rest of the screen, which is at 
once recognized as white. In a case like this the fatigue of the retinal 
elements can play no part, as the illusion persists during a far longer 
period of time than is necessary for their complete rest; we must hence 
attribute the result to a deception of the judgment.” 

By applying the principle of the visual sensory reflex, the phenomena 
may be given a simple physiological explanation. The orange-yellow 
light surrounds the small retinal area upon which falls the white light 
coming from the shadow cast by the candle. The reflex action of the 
yellowish light upon the protected retinal area causes enhancement 
of all three fundamental sensations, but predominantly the portion 


*° Modern Chromatics, p. 254, 
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of the sensations complementary to yellow. The white light in con- 
sequence stimulates this part to a much greater extent than the re- 
mainder, and the light in consequence is perceived as blue. 

The crucial experiment devised by Helmholtz to prove his theory 
of illusions is easily understood. Though it is carefully specified that 
the observation must be made through a blackened tube, the effect 
of the tube on the retina is ignored with equal care by both Helmholtz 
and Rood. A reference to the lower curve B in Fig. 14, shows, as 
explained above, that darkness on one area of the retina results in a 
physiological enhancement of light and color on the adjoining areas. 
Now the blackened tube causes a dark retinal area around the image 
of the colored shadows, which greatly enhances the yellow candle light, 
and, by its increased reflex action, the complementary blue also. After 
viewing this for some time for the purpose, as Rood says, of allowing 
the blue shadow to develop itself in full intensity, or, as the writer 
would state it, of permitting the reflex action to cause its maximum 
enhancement, the tube is moved so that the blue shadow only is seen 
without the yellow surrounding regions. The blue color is then found 
to persist for a considerable time. 

But why should it not persist? It takes several minutes for the violet 
reflex enhancement to develop to its full intensity; it is not surprising 
therefore that it should also persist for a considerable time. Burch” 
found that after-image effects last for as much as two hours. There 
is quite sufficient reason therefore for the persistence of the blue shadow, 
even when the candle flame was blown out. 

When the blackened tube is removed from the eye, the powerful 
enhancement due to darkness also disappears, and the white light from 
the screen by its direct and reflex actions quickly equalizes the stimula- 
tion of all the sensations, and the blue color disappears. 

A similar explanation will apply to all other complementary shadows. 
But while no measurements have yet been made on the rate of growth 
or of decay of the reflex enhancement of colors, there is reason to antici- 
pate that colored shadows will persist for continually shorter intervals 
of time, as the color approaches the red end of the spectrum. 

An experiment quite analogous to that just discussed was devised 
by Hering to prove the psychological principle that under certain 
conditions “‘the ultimate perceptions depend not upon differences of 
physical light intensity, but upon other impressions which simul- 
taneously enter into consciousness and modify judgment.” 


* Parsons, Colour Vision, p. 112. 
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The experiment is thus described by Parsons from whose work on 
Colour Vision (p. 23) these quotations are taken: ‘In a room lighted 
by a window on one side, the opposite wall being white, standing 
with the back to the window and holding up a grey sheet of paper, 
the paper looks grey and the wall white. The wall however reflects 
only a portion of the light into the eye and ‘is’ therefore grey. By 
looking through a tube it is possible to select a grey paper which 
exactly matches the greyness of the wall; yet directly the tube is 
removed the wall at once appears white, whilst the paper still remains 
grey. If, however, the edge of the paper is fixed with one eye only, 
the wall appears to be on the same plane and of the same tint as the 
paper.” 

The experimental results previously discussed on the enhancing 
effect of darkness on adjoining areas of the retina show that papers 
of varying degrees of greyness, or brightness, when viewed with one 
eye through a dark tube, the other eye meanwhile being directed at 
the white wall, will all appear much brighter than without the tube. 
Finally a paper is selected whose enhanced physiological brightness 
is the same as that of the wall. When the tube is removed the enhanced 
part of the brightness also disappears and the paper is seen by the 
unaided eyes darker than the wall, as of course it should be. 

In the second part of the experiment if one eye is closed or blind- 
folded while the other is used to fixate the edge of the paper, the 
result, as shown by the experiments of the writer, is that both wall 
and paper must appear darker. On one side of the median line of the 
active retina is the light from the darker grey paper, and on the other 
side adjoining is the light from the brighter wall. These two in- 
fluence each other physiologically by reflex action; the bright wall 
enhances greatly the brightness of the darker grey, and the dark grey 
only slightly enhances the brightness of the wall, or if the grey be quite 
dark, it will diminish instead of enhancing the brightness of the wall. 
The enhancement of the grey paper with the dark tube in the first part 
of the experiment exactly balances, as the result shows, the double 
change of brightness in the second part. 

Parsons further states that “Hering points out that these facts have 
nothing to do with simultaneous contrast as has sometimes been 
thought. They are indeed examples of the association of ideas or 
sympsychosis.” But from the experimental evidence adduced in 
this paper, the effect can be explained on physiological principles 
without reference to psychology. 
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The usual effect of simultaneous contrast is to emphasize and in- 
crease differences between contiguous luminous and color fields. 
Since in the Hering experiment the difference in luminosity is eliminated 
the effect may be termed reversed simultaneous contrast or induction. 

In several places in this paper darkness is spoken of for convenience 
as though it produced positive reflex effects. This of course is im- 
possible. The apparent enhancing effect obtained by looking through 
a dark tube may be accounted for without difficulty. It is known 
from experiments described in the paper on reflex visual sensations 
previously referred to, and also from Figs. 11 and 12 in this com- 
munication, that dim white light exercises the greatest reflex effect 
in diminishing brightness. If the eye is directed at a white surface 
the light falling on the peripheral parts of the retina makes a much 
more feeble impression than that on the central region. Consequently 
the dim light on the periphery by its reflex action diminishes or partially 
inhibits the luminous response of the central part of the retina thus 
rendering the light falling upon it physiologically less bright than it 
properly should be. If complete darkness replaces the dim light, the 
inhibiting effect is removed and the brightness of the central light in- 
creases to what it should be, thus causing the apparent enhancement. 

In explanation of luminosity contrast between black and white 
surfaces, the reflex curves in Figs. 13 and 14 show that darkness en- 
hances the physiological brightness of the adjoining light surface, 
which in turn also causes the black surface to appear lighter. This 
is in conformity with what is commonly observed when a black square 
is placed on a white surface. 

With gray contrasting surfaces of varying degrees of lightness there 
will probably be variations in their aspect due to the fact, as shown 
previously in this paper, that dim or weak white light has effects, both 
direct and reflex, entirely peculiar to itself. These effects, while de- 
finitely shown, are not yet fully understood, and the writer hopes to 
undertake their investigation as opportunity offers. 

There is also an important series of contrast effects obtained when 
positive colors are placed on white, black, or gray surfaces. Since the 
direct stimulation of each retinal area affects reflexly the contiguous 
areas, there will be a reciprocal modification of the appearance of the 
contrasting surfaces. In general the fields surrounding colors will be 
tinged with the complementary of the active colored light. 

But since both white light and darkness enhance by reflex influence 
all three sensations, but in unequal amounts, the modification of the 
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contrasting color will vary with its hue and saturation. 
there will be changes both in hue and brightness. 

It is impossible to consider in detail how each of the innumerable 
contrast effects observed are to be explained. With the principle out- 
lined above clearly in mind, the large numbers of contrast effects 
described by such authors as Rood” and Edridge-Green® may be readily 
accounted for. 

In his recent work on ‘‘Colour Vision,”’ Peddie* introduces the term 
“‘defatigue’”’ which he thus defines: “‘Fatigue is evidently an aspect of 
light adaptation; and its converse the Recovery from Fatigue, or 
Defatigue, is an aspect of dark adaptation. It is the time change of 
fatigue or of defatigue which constitutes the process of adaptation.”’ 

In many places in his work Peddie makes great use of defatigue. 
One quotation, p. 172, however, will illustrate his idea of this phenome- 
non. “Ina non-uniformly illuminated white field, defatigue of the 
darker parts may brighten these in spite of their own illumination which 
produces fatigue, and fatigue of the bright parts by their own illumina- 
tion may be more effective than their defatigue by the adjacent less 
bright illumination. In this case the tendency would be for the il- 
lumination to become gradually more uniform in aspect, and this 
effect is well known. If one directs the gaze fixedly towards a point 
in a shaded part of a white ceiling, the shaded parts will seem to 
brighten appreciably by slow degrees, the contrast becomes less be- 
tween the shaded part and its brighter surroundings, and at last all 
difference disappears and only a uniform field is seen. But the illusion 
is destroyed at once by even a slight motion of the line of vision, as 
it should be.” 

It is quite obvious from the experimental results discussed in the 
first section of this paper, that the enhancement of the visual sensations 
in one retinal area by reflex action from an adjoining area is identical 
with what Peddie terms defatigue. The process of enhancement is so 
fundamentally different from the direct action of light, that the use 
of the word, defatigue, to describe it, will obscure the ascertained 
cause, and in consequence will be very misleading. In the opinion of 
the writer the word should not be employed in describing the phe- 
nomena of enhanced sensations. 


In general 


* Modern Chromatics, Chapter XV. 
% Physiology of Vision, Chapter XXVI. 
* p. 148. 
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Since the six equilibrium colors, .660n, .572u, .520u, .505y, .480p, 
and .425u, are incapable of producing fatigue or enhancement, or at 
most very feeble effects, it would appear to follow that they will not 
modify each other by contrast, either in hue or brightness. White and 
black surfaces also should not be modified in appearance by contrast 
with equilibrium colors, though these colors themselves should be 
modified, either in hue or brightness or in both, by the white light or 
darkness. 

If an equilibrium color is contrasted with a non-equilibrium color, 
the former should be modified by the reflex influence of the latter, but 
the latter should experience no modification either of hue or luminosity 
due to the former. 

If such observations were to be made as suggested, care would have 
to be taken with regard to the presence of contiguous dark or very 
bright areas which, as the reflex curves show, have their own effects on 
the physiological brightness of colors. 

Should it be found that slight changes in the wave lengths of con- 
trasting colors abolish simultaneous contrast effects, the usual explana- 
tions of the phenomena as ‘‘due to unconscious eye-movements, to 
incipient retinal fatigue, to fluctuations or error of judgment,” would 
at once be eliminated, and the reflex principle confirmed. 

The writer has not tested these deductions from the principle, and 
hence cannot say whether experiment will verify them or not. 

Since it is probable that the three reflexes develop in unequal times, 
it would appear to follow that the contrast effects produced by inter- 
mittent vision will be different from those obtained with steady il- 
lumination. With intermittent illumination the equilibrium colors 
may also produce contrast effects. 

In the former paper on reflex visual sensations,” it was briefly 
pointed out that binocular contrast was explained by the reflex effects 
of color being transferred from one eye to the other. The explanation 
is identical with that for monocular contrast herein described. For 
the persistency curves obtained by reflex action from one eye to the 
other are identical with those obtained from one retinal area to another, 
with the partial exception of the influence of darkness. 

It has been found by Mayer*™ that contrast effects were perceptible 
when the illumination of the colors was obtained from an electric spark, 


%j.0.S.A.&R.S. L, p. 583, 1923. 
* Am. Jour. Sci., July, 1893. Also Luckiesh, Color and Its Applications, p. 178. 
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the duration of which was of the order of one ten-millionth of a second. 
But in such experiments care must be taken to distinguish between the 
time of the physical stimulus and the duration of the physiological 
effects of momentary stimulation. With this distinction in mind, these 
observations are not at variance with the reflex principle. For it has 
been found in the study of reflex action generally that®”’ “the discharge 
from a reflex arc does not, as a rule, cease when the stimulus ceases, 
often lasting for five seconds or more. The duration is proportional 
to the intensity of the stimulus. With a weak stimulus, the response 
may not appear at all until after the actual] period of stimulation has 
passed.” 

It has been widely recognized that the phenomena of simultaneous 
and also of successive contrast involve processes occurring in the visual 
centres, and on that account they have been regarded as psychological 
in their nature. The reflex principle seems happily to combine the 
physiological and the apparently psychological factors. For the direct 
stimulation of the afferent nerve fibres must first be conveyed to the 
visual centres, and there excite activity in the efferent nerves by means 
of which contrast effects, both simultaneous and successive, are pro- 
duced. The psychological factors are indeed ruled out, but the physio- 
logical reflex still requires the visual centres in the brain for its operation. 
The explanation of contrast is thus pushed back one step further; 
but its ultimate elucidation must rest until some future investigator 
discovers how the physiological process is transmuted into the con- 
sciousness of color. 

This research is a part of the general investigation of Color Vision 
now in progress with the financial assistance of the Honorary Advisory 
Council for Scientific and Industrial Research, Ottawa; to which body 
the writer desires to express his thanks. 


DEPARTMENT OF PHYSICS, 
UNIVERSITY OF MANITOBA, WINNIPEG. 
Jury 10rH, 1923. 


*7 Principles of General Physiology. Bayliss, p. 489, 3rd Ed., 1920. 





THE EFFECT OF THE DIFFUSION AND ABSORP- 
TION BY THE ATMOSPHERE ON SIGNAL 
LIGHTS AND PROJECTORS* 


By Enocu KARRER 


Absorption of light by the atmosphere is in general far less im- 
portant than the diffusion of light by the atmosphere. This general 
statement holds alike for signal lights and other traffic illumination 
for streets and highways; for the longer range projectors on locomotives 
and airplanes and for searchlights adapted to military and commercial 
purposes. Unfortunately there are practically no data of any kind 
whatsoever at hand on the diffusion of light by the atmosphere. Very 
few observations on the absorption of the atmosphere near the earth’s 
surface, or of the isolated gases of the atmosphere have been recorded. 
So that no quantitative calculations may be made on the effect of the 
atmosphere in depleting and altering the light from a projector. 
The work begun along these lines during the war has not been completed 
nor even in anyway continued. However, some measurement on the 
diffusion of light from searchlight beams, together with other data 
that bear intimately upon this general problem will shortly appear.' 

The astronomers have determined the transmission-factor for the 
whole of the earth’s atmosphere quite satisfactorily. The interest of 
the astronomers lies in the transmission of the atmosphere on relatively 
clear days only, on which observations of celestrial bodies may be made. 
The data that are of practical interest to the illuminating engineer 
pertain more to the atmosphere that is not of the clearest kind, but that 
is laden with dust and smoke and water drops. Rather extensive 
measurements on the relative spectral transmission have been recorded 
at the Bureau of Standards,’ for moist and for rainy weather. The 
relative spectral absorption transmission of the clear atmosphere is 
uniformly small throughout the photic (visible) region. So that from 
the standpoint of the illuminating engineer a stretch of clear atmosphere 


* Written for and at the request of the subcommittee on signals of the American Engi- 
neering Standards Committee. 

! Diffusion of Light from Searchlight Beams, Enoch Karrer and U. M. Smith, J.0.S.A. & 
R.S.I. (in press). In this paper various phases of the subject are discussed in some detail. 
Some actual data are given to show how diffusion affects visibility of objects. A rather ex- 
tensive bibliography is appended. 

? Relative Spectral Transmission of the Atmosphere. Enoch Karrer and E. P. T. Tyndall, 
B. S. Sci. Pap. No. 389; 1920. 
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will neither appreciably reduce intensity nor change the color of a beam 
of light. It is of interest to note that a decrease in relative transmission 
begins at the red (660myz) and at the blue green (578). These decreases 
are due perhaps to different causes, the former chiefly due to true 
absorption by water vapor and oxygen, the latter chiefly due to diffu- 
sion (scattering) by the dust and molecules. This curve of relative 
transmission for clear atmosphere is reproduced in Fig. 1. 


RELATIVE 


Fic. 1. Relative spectral transmission of the atmosphere. 
Curve 1. Clear, dry atmosphere, 1.2 km. 
Curve 2. Moist and rainy atmosphere. Taken from Bul. B. of S. 1920. 








A stretch of atmosphere of 1 km will transmit 97.4° percent on clear 
and relatively dry days. This is for daylight. From the data on rela- 
tive spectral transmission‘ we may calculate what will be the transmis- 
sion for a similar stretch of atmosphere that is laden with water and 
may even have some raindrops.’ For the present I shall make 
the assumption that the transmission is 100% at 640 my where the 
relative spectral transmission curve (reproduced in curve 2, Fig. 1) 
has a maximum. For white light we may choose a black body at a 
temperature of 5000°K whose relative luminosity* is readily obtainable 
and is represented in curve 1 of Fig. 2. 

The relative spectral luminosity of this same light after passing 
through 1 km of atmosphere (parallel to earth’s surface) is depicted in 
+ Determined by Oddone by comparison of the brightness of snow fields in the Alps 


s. Winkelmann Handbuch d. Physik 6 p. 555. 
* See ref. 2. 


5 For a detailed description of the weather referred to here see Bul. B. of S. (ref. 2 above). 
® Taken from curves published in B. S. Sci. Pap.-I. G. Priest. 
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Fic. 2. Curve 1. Relative luminosity of black body at 5000°K, taken near the source. 
Curve 2. The same after the light has traversed 1 km. of moist atmosphere. 
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curve 2 of Fig. 2. It may be noticed how the blue end has been rela- 
tively depleted. The maximum of luminosity has been slightly shifted, 
but the center of gravity wavelength has been appreciably shifted 
toward the red. From these curves (1 & 2, Fig. 2) we conclude that a 
stretch of 1 km of such atmosphere will transmit 83.6% of the white 
light and will to an appreciable degree change the white to yellow tinted 
light. This figure (83.6%) is a maximum for it was assumed that at 
640 my there was 100% transmission. Anything less here will lower 


4a 30 58 ‘6 py 


Fic. 3. The effect of water alone on the transmission of atmosphere saturated atO’C. Only true 
absor plion is taken into account. 


the figure just given proportionately. We are justified in assuming 
such transmission at 640 my only for atmosphere that is no more than 
just saturated with water vapor and contains no dust. Curve (1) of 
Fig. 1 shows that the oxygen does not begin to absorb noticeably before 
660 mu. The effect of water vapor at the saturation point may be 
easily calculated from the knowledge of the transmission of liquid 
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water’ and its vapor tension.* These calculations are given in the table 
below, where the absorption coefficient (a in 1=I, e**) for liquid water 
is given in column 2, that for the water alone in 1 km air saturated at 
0° C in column 3; while the transmission of a stretch of 1 km of such 
air is given in column 4 and plotted in Fig. 3. Throughout most of the 
photic region the absorption is only a small part of 1%, and in particu- 
lar at 640 it is less than 0.2%. ‘The minimum absorption due to water 
is at wavelength 5375 mu. 


Absorption coefficient of liquid water and the transmission-factor* of 1 km of 
saturated air al 0. 


for liquid for water in 1 km of transmission-factor 
«10? cm water | air saturated at 0°C. | of 1 km of air 
% 
186 688 < 10-* 333 X 10° 72 
193 ac “ 80 “ 92. 
200 89.9 43 96. 
0 29 97 
ys ee 97 
16 98. 
15 98 
12. 98 
14 98 
73 
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* Calculated for the effect of water vapor alone from 
gram /m? 
, 100? 
Transmission factor = 7 =e-ad (d=1km). 


° 


a for water in air = a for liquid water X =a for water X4.85 


? Kreusler, Am. d. Phys. 6 p. 421; 1902; and Aschkinass idem 55, p. 420; 1895. 
* Physical Tables, Sm. Inst. p. 235, 1919. 
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What is yet required so far as the transmission of light through 
the atmosphere is concerned are some data on the relative spectral, 
as well as, the absolute transmission factors, when it is foggy, dusty 
and smoky to an extent such as is frequently encountered in the early 
spring and late fall weather. 

Similiarly, data are needed on the diffusion factor of the atmosphere 
not only when foggy or otherwise polluted, but for all kinds of atmos- 
pheric conditions. For the effects of the diffusion of light are notice- 
able on dark nights even in the clearest atmosphere. 

T he interpretation of the effects due to diffusion is in general some- 
what more involved than in the case of the effects due to the changes 
in the transmission factor. This is so because under ordinary conditions 
of use of projectors, the light diffused affects the visibility of objects 
not by decreasing the brightness of them so much as by decreasing the 
brightness contrast between objects and background. So that a knowl- 
edge of the contrast sensitivity of the eye under practical conditions 
is absolutely essential, in addition to a knowledge of the diffusing pro- 
perties of the atmosphere, before one may discuss with clarity, the effects 
of diffusion that interest the illuminating engineer. 

Some data on the contrast sensitivity of the eye’ are at hand. 
For the sake of clearness here the curve!’ of Fig. 4 is given showing 
how the size of the least visible target changes as the field brightness 
is changed when the constant between field and target brightness is 
maintained constant at .04. This is a typical curve. For greater 
contrasts the corresponding and similar curves will be entirely above; 
and for lower contrast entirely below the curve. 

A brief statement as to the meaning of this curve for practical condi- 
tions may be in order. A case of importance is when the target is of a 
given size, like a man or a vehicle at a distance of 500 ft. (i.e. subtends 
an angle of about .01 radian (0.°59)). By reference to the curve of 
Fig.4, we note that for targets as small as this the minimum area visible 
for low contrast (.03 and less) varies very slowly with changes in the 
brightness of the surrounding field; and also varies slowly for any 
changes of contrast. In this regard much more sensitive relationship 
exists between contrast or field brightness and minimum size of target, 
when the target is a larger one; let it be say an automobile at a distance 
of 100 ft. (.05 rad or 0.°84). 


* The contrast sensibility of the eye, Enoch Karrer, E. O. T. Tyndall, B.S. Sci. Pap. 
No. 366; 1920. References to several other sources of data are also given in this paper. 
1° Taken from paper on Diffusion of Light, etc. s. ref. 2 above. 





AE ee TIN 














Nov., 1923] Errects oF LiGHt DIFFUSION IN AIR 949 


However, for higher contrasts (.07 and more) even with the smaller 
target, whether a target is visible or not will depend upon relatively 
small changes in field brightness. On a straight level road the bright- 
ness of the surrounding field is due to the light diffused by the atmos- 
phere. So that for the cases mentioned the visibility will be very 
greatly affected by diffusion. 
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Fic. 4. Contrast sensibility of the eye. Showing relation between brightness and strip length 
(visual angle) when target is 4% brighter than background, Average for two observers. 


The diffusion factor of the atmosphere (especially when foggy and 
smoky) which is of greatest concern, is that for directions approximating 
the direction of the beam in case of projectors. This is the case, too, 
of signal lights only the sense of the direction is reversed. 

How the intensity of the diffused light varies with the direction of 
sight relatively to the direction of the beam is depicted in the curves 
of Fig. 5. The intensity of the diffused light may rise very rapidly 
as one approaches the direction of the beam, or it may actually de- 
crease depending upon the spread of the beam. The curves pertain to 
an observer about 10 ft. to one side of the beam. For an observer 
looking directly down the beam the intensity will be very much greater. 
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In Fig. 6 is given a curve showing the relative spectral diffusion 
as calculated from the simple theory; in curve 1 of Fig. 7 is the relative 
spectral distribution of the light in a searchlight beam from a white 
source (Black body at 5000°K). The relative spectral distribution 
of the light diffused from such a beam is given in curve 2. The relative 
luminosity of the light diffused from such a beam is shown in curve 3. 

In Fig. 8 are some data not directly applicable to the vehicle 
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Fic. 5. The intensity of the diffused light for various directions relative to that of the beam. 
Curve 1. 24 inch search lamp, 75 amp. horizontal beam, observed at 106.5 ft. from lamp. 
Curve 2. Same taken at 12 ft. 
































and signal lights, but pertain to these problems as will become clear 
presently. The case depicted in the curves of Fig. 8 relates to the 
visibility of a target whose contrast in brightness with that of the 
surrounding field is assumed to be .04 to an observer near the search- 
lamp, and whose brightness remains constant as the observer moves 
away from and to one side of the searchlamp in a direction perpendicu- 
lar to the searchlight beam. The brightness of the surrounding field 
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"16.6. Relative spectral diffusion of light by the atmosphere, calculated from the simple theory. 




















oO 560 640 680 mp 
Fic. 7. Curve 1. Relative spectral distribution of light in a beam of white light (black body at 
5000°K, allowance has been made for the effect of the glass mirror and glass door of the 
searchlamp). 
Curve 2. Relative spectral distribution of the light diffused from such a beam. 
Curve 3. The relative spectral luminosity of the light diffused. 
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affecting the contrast decreases according to curve 1 as the observer 
moves from the lamp, because the field luminosity is due entirely to 
the diffusion of the light, and we have already seen (Fig. 5) that the 
intensity of the diffused light for this case falls off in directions away 
from that of the beam. We may derive then the change in contrast as 
one recedes from the lamp, (Curve 2). Now by reference to the curve 
of contrast sensibility, we derive a curve (3) which shows how the size 
of the target may be diminished as the observer gets out of the effects 
of the diffused light. The reciprocal of the least area (curve 4) visible 
is something more like a direct measure of visibility. If the changes of 
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Fic. 8. Effect of diffusion on visibility. 
Curve 1. Brightness of surrounding field as the observer recedes from the lamp. 
Curve 2. Contrast between target and field as the observer recedes. 
Curve 3. The least target visihle. 
Curve 4. The reciprocal of the area of the least target visible. 


brightness of the surrounding fields were brought about by changes 
of the atmosphere instead of by the observer’s recession from the 
searchlamp, we would have a curve similar to this curve (4) of visibility 
only perhaps more accentuated, inasmuch as the actual brightness of 
the target itself (assumed constant in the above case) will vary as the 
light is diffused more and more. 


SUMMARY 


The secondary visual effects of the diffusion of light are of more 
importance than the actual depletion (whether true absorption or by 
diffusion) of the light passing through the atmosphere. 
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White light is transmitted through 1 km of fairly dry clear atmos- 
phere to the extent of 97.4%. While for moist and rainful atmosphere, 
1 km of air will transmit not more than 83.6% and will shift the 
dominant hue toward the yellow. Foggy atmosphere may transmit 
much less but no data are at hand. The effect of water vapor up to 
saturation at 0°C by true absorption is calculated and is very small. 

For a proper use and interpretation of the effects due to diffusion 
no data are at hand for any kind of atmosphere. Measurements on the 
diffusion factor (for foggy and polluted air especially) are required. 
The most important directions are those approximating the direction 
of the light-beam itself. Data on the contrast-sensitivity of the eye 
are required under low illuminations and under practical conditions. 
How these factors are related is illustrated by data obtained with 
military searchlamps. 


NELA RESEARCH LABORATORIES, 
NELA PARK, CLEVELAND, OHIO. 


An Introduction to the Theory of Relativity. By L. Bolton, 
M.A., formerly a Scholar of Clare College, Cambridge. xi+177 
pages including 38 diagrams. E. P. Dutton & Company. New 
York. $2.00. 


The inspiration to write this, another book on Relativity, apparently 
came from the fact that the author was the winner of the Eugene 
Higgins prize for the best essay on Relativity. The present volume is, 
therefore, “the winning essay extended to twelve or thirteen times its 
original length.” ‘No attempt at exhaustive . . . treatment has been 
made” and “nothing has been introduced beyond what is absolutely 
necessary” to tell what Relativity is about. However “if the reader 
expects a non-mathematical treatment . . . it is to be feared that he 
will be disappointed (since) the subject belongs to mathematical 
physics.” Nevertheless, the treatment is as non-mathematical as is 
possible and indeed the author has to a large extent developed and 
explained the fundamental mathematics and other concepts necessary 
to a clear presentation of the subject. 

If the book reflects the original essay, the judges seem to have been 
justified in making the award, for certainly this is one of the best 
elementary presentations of the subject which has yet appeared. What- 
ever one may think of Relativity, one must admire the book: its clear- 
ness, conciseness, and its moderate tone. 

Particularly interesting are the brief remarks about the ether, in the 
concluding chapter. After pointing out that some enthusiasts hold that 
the “facts” of relativity are against the existence of the ether, the author 
remarks that “‘if there is no medium of any kind, and nothing in space, 
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we are compelled . . . to attribute to empty vacuum the properties of 
transmitting light and of assuming geometrical structure, which is very 
like a contradiction if not actually so. It is impossible to accept the 
supposition that nothing can do anything, even transmit light waves.” 
F. K. Ricutmyer 


General Physics for Colleges. By D. C. Webster, (Stanford Uni- 
versity), H. W. Farwell (Columbia University), and E. R. Drew 


(Stanford University). 14-556 pages. The Century Co., New York. 
$3.75. 


In two particulars this text differs from its contemporaries, the differ- 
entiation being of course in degree rather than in kind. First, recog- 
nizing that the “modern student is a skeptic who must be shown”’ the 
“practical” value of such a science as Physics and that the student has 
a right to his position, the authors have deliberately “accepted the 
challenge”’ and have set out to prepare a text which should draw freely 
on the many engineering and everyday applications of physics, but 
which should not thereby minimize the formal training in clear thinking 
upon which the teacher of physics puts so much emphasis. Second, a 
whole section, nearly 140 pages, is devoted to modern physics in which 
is given an excellent elementary account of electrons, atoms, radiation, 
quantum theory, even relativity (!) and the like. 

The development of the classical part of the subject follows the usual 
order, but the method of presentation is in part the reverse of that 
frequently followed in many texts. Particularly in the introductory 
chapters of the book the existence of a physical law is made evident by 
considering first a typical problem to which it is applicable. This 
results in making the early chapters somewhat verbose, but not 
objectionably so. The subject matter is made further attractive by 
the incidental details accompanying the numerous cuts. Thus the old 
barn door on its hinges, the painter on the slipping ladder, the ball 
falling from the top of a cliff—all tend to emphasize the fact that the 
principles of physics apply to every-day life. 

But perhaps the cream of the book is in Part V on Modern Physics. 
Here the authors have presented a masterly account of present day 
theories of the structure of matter, of the nature of radiant energy, and 
of the interrelations of the two, and of the problems which confront the 
modern investigator. The method of presentation is such as to be 
readily understood by the average student who has a reasonable grasp 
of the preceding parts of the book. And why not? Why should the 
student be compelled to wait until he enters the graduate school to 
learn of isotopes, of Bohr’s atom, of the Bragg spectrometer and the 
like? The addition of Modern Physics to the Classical Physics makes 
a very large subject to be included within the covers of an elementary 

book, and the authors are to be congratulated for the skill and thorough- 
ness with which they have completed their task. F. K. RIcuTmYer 
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CHEMICAL AND SPECTROSCOPIC PROPERTIES OF 
EXCITED ATOMS AND REVERSIBLE EFFECTS 
OF ELECTRON IMPACTS IN GASES 


By K. T. Compton 
ABSTRACT 

Excited Aloms. Attention is called to the accumulating evidence that normal atoms and 
those which are “excited”’ by the displacement of an electron to an outer orbit may have very 
different physical, chemical, and spectroscopic properties. Thus all atoms, even the inert 
atoms like helium, are electronegative when excited and tend to form homopolar and hetero- 
polar compounds and negative ions. ‘These compounds and ions are often sufficiently stable to 
exist for some time in a discharge tube. In any case they profoundly affect the spectrum of the 
substance. 

Reversible Effects of Impacts. Klein and Rosseland point out reasons for believing that 
an excited atom may revert to the normal state by transferring its energy to a free electron 
at a collision as well as by radiation. Franck points out that such radiationless transfers of 
energy may also occur at a collision between an excited and a normal atom. 

Phenomena due to Radiationless Transfers of Energy. Franck and Cario show that such 
transfers of energy may account for (1) the quenching of fluorescence by foreign gases, (2) the 
excitation of the spectrum of one metal vapor by resonance radiation of another vapor which 
is mixed with it, (3) the dissociation of hydrogen by mercury 2536 A radiation when mercury 
vapor is mixed with the hydrogen. These suggestions are critically reviewed 

A series of papers, presenting a new and suggestive conception of 
certain effects of collisions of electrons with gas molecules, has recently 
appeared in the Zeitschrift fiir Physik. The present paper is the result 
of a request that a summary and discussion of these papers, which 
was presented at a recent meeting of the Committee of the National 
Research Council on “Ionization Potentials and Related Subjects,” 
be submitted for publication in this Journal. 


ExciTEp ATOMS 


It is becoming increasingly realized that many of the most striking 
spectroscopic and electrical properties of gases are due to the presence 
of excited, or partially ionized, atoms. Among such properties the 
following may be mentioned. 

(1) Molecular compounds of monatomic gases, and even inert 
gases like helium. In electric discharge tubes, positive ray analysis 
has revealed the existence of diatomic molecules of metallic vapors 
and of the inert gases, compounds of hydrogen with these gases, and 
other compounds which do not seem to follow the ordinary laws of 
chemical valency and which have too temporary an existence to be 
detected by any chemical means. 
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(2) Effect of ionization in changing chemical and spectroscopic 
properties of a substance to the type characteristic of the next group 
in the periodic table. Spectroscopic illustrations are the similarity 
of the spectra of the ionized alkaline earths, the doubly ionized elements 
of the third group and the neutral alkali metals. Chemical illustrations 
are shown in the bivalent nature of singly ionized aluminium, the oxy- 
gen-like compounds of ionized halogens and the series of valency be- 
haviors of carbon corresponding to its various stages of ionization, 
all shown unmistakably by positive ray analysis. 

(3) Band spectra of metallic vapors and monatomic gases. It is a 
generally accepted theory that monatomic elements give only line 
spectra, band spectra being due to molecular disturbances. Thus band 
spectra in normally monatomic gases indicate that molecular com- 
pounds are being formed by the agent which is exciting the spectrum. 
In the case of helium, for instance, the work of Compton and Lilly! 
and of Lenz*? has shown that the band spectrum appears only under 
conditions in which excited atoms are present in large concentration; 
Franck and Knipping* have shown the reasons for the formation of 
molecules of He. under these conditions; Curtis‘ has shown that such 
molecules account theoretically for the observed nature of the helium 
band spectrum. 

(4) Absorption of subordinate series lines. Monatomic gases and 
vapors of Groups I and II of the periodic table normally show optical ab- 
sorption of principal series lines only. When excited atoms are present 
subordinate series lines also are absorbed and may be reemitted as 
resonance radiation. Striking examples of this are shown in the work 
by Paschen,® who showed that the subordinate series line 10830A of 
helium becomes a resonance line if a weak electrical discharge is passed 
through the gas; by Fiichtbauer,® who proved that mercury vapor will 
absorb and reemit the mercury lines of the visible spectrum if the vapor 
is, at the same time, exposed to the light 2536 which is able to produce 
excited mercury atoms; and by Kurth’ who observed absorption of the 
strong components of the mercury subordinate series lines 5461 and 
4358A when the mercury vapor was subjected to bombardment by 

' Astrophys. Jour., 50, p. 1; 1920. 

2 Verh. d D. Phys. Ges., 2/, p. 632; 1919 
ZS. f. Phys., J, p. 320; 1920. 

* Roy. Soc. Proc., A. 101, p. 38; 1922. 

* Ann. d. Phys., 45, p. 626; 1914. 


* Phys. ZS., 2/, p. 635; 1920. 
7 Not yet published. 
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electrons which had fallen through a sufficient voltage to produce 
excited atoms but not to produce ionization. 

(5) Low voltage arcs. The only adequate explanation of arcs in 
monatomic gases and vapors at voltages below the ionizing potential 
is ionization in two or more stages, the first stage being the production 
of an excited atom and the second stage the complete ionization of 
this atom by another electron impact. The theory of this “cumulative 
jonization”’ has been discussed by the writer in recent papers® and 
direct experimental evidence of the two stages has been obtained by 
Kannenstine’ and by Webb.’° 

To this list might be added phenomena of fluorescence and resonance 
radiation and, possibly, of photochemical action. 

The general point of view emphasized by all these phenomena is 
that we are not to think of the atoms of gas, exposed to an electric 
discharge or to absorbable radiation, as being all in the normal state, 
but as existing in almost an infinity of conditions, each characterized 
by its own chemical and spectroscopic properties and potential energy. 
The relative numbers of atoms in these various conditions depend 
on the potential energies of these states and on the total energy of the 
gas and possibly, also, on particular characteristics of the states. 
Generally the proportion of excited atoms is very small, but this by 
no means indicates their unimportance, since some properties such 
as emission of radiation, depend not on the number of atoms existing 
in a given condition at a given instant, but on the rate at which this 
number is changing. 

A suggestive discussion of some properties of excited atoms has re- 
cently been given by Franck and Grotrian," who point out the tendency 
of excited atoms to form both homopolar and heteropolar compounds. 

Homopolar compounds. An excited atom is one which has an electron 
displaced from its normal position or orbit to an outer orbit charac- 
terized by a higher quantum number and larger energy. Such an 
atom is somewhat similar to a hydrogen atom in that it possesses an 
electric moment, being an electric doublet in which the displaced 
electron is one charge and the remainder of the atom, with a resultant 
charge equal to that of a hydrogen nucleus, is the equal opposite charge. 
These hydrogen-like excited atoms would, therefore, be expected to 

§ Phys. Rev., 15, p. 476; 1920; 20, p. 283; 1922. 
* Astrophys. Jour., 55, p. 345, 1922. 


© Phys. Rev., 21, p. 479; 1923. 
"ZS f. Physik, 4, p. 89; 1921. 
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form chemical combinations like those of hydrogen. If two excited 
atoms were to meet, they could unite to form a homopolar diatomic 
molecule like H:. In this way compounds Hez, Hg: etc. may be formed, 


giving rise to band spectra and a transfer of energy from the wave st 
length of resonance radiation to the great variety of longer wave ed 
lengths associated with the elements of the band spectrum. fc 

The concentration of such homopolar molecules, depending as it C 
does on the union of pairs of excited atoms, should increase approxi il 
mately as the square of the concentration of excited atoms,—in qualita- P 
tive agreement with the observation that the band spectrum of helium ( 
increases in intensity much more rapidly than does the line spectrum . 
when conditions are made more favorable for high concentration of : 
excited atoms. Such favorable conditions are intensity of excitation, ‘ 


high gas pressure and absence of impurities which may act either in 
decreasing the average time during which an atom remains in the ex- 
cited state” or in absorbing the resonance radiation which would other- 
wise be passed on from atom to atom (putting each successively in 
the excited state) and transforming the energy of this radiation into 
the spectrum of the impurity.” 

Negative ions. Excited atoms possess an electron affinity and tend to 
form negative ions by the capture of an electron. Thus metallic vapors 
and the inert gases, whose atoms in the normal state appear to possess 
no electron affinity, do form fairly stable negative ions when in the 
excited state in the presence of free electrons. Thus is explained the 
rapid transport of such gases to the anode at high current densities.” 
The positive ions move toward the cathode. The negative ions have 
the same mass but larger dimensions, so that they exert more of a 
viscous drag on the gas and therefore cause the net flow of gas toward 
the anode and the increased gas density near the anode. 

The stabi-ity of these negative ions is surprising. It is probably 
analogous to the stability of normal helium, since we have in both cases 
a pair of electrons in the outer shell,—an arrangement of high stability 
on the atomic structure theories of Kossel, Lewis and Langmuir. 
Owing to this completion of the stable group of two, we should not 
expect these negative ions to enter into chemical combinations, but to 
behave chemically like normal helium. 


” Franck and Knipping, ZS. f. Phys., 20, p. 481, 1919; Franck and Reiche, ibid, /, p. 154; 
1920. 

4K. T. Compton, Phil. Mag., 65, p. 750; 1923. 

“4 Skaupy, Verh. d. D. Phys. Ges. 19, p 264; 1917; 
Hamburger, ZS. f. Wiss. Photog., 1%, p. 1; 1919 
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Heteropolar compounds. An excited atom, having an electron 
afinity, may also satisfy it and thus complete the stable pair by sharing 
an electron of an unexcited atom, thus behaving like the negative con- 
stituent of a heteropolar compound. The inert gases, like helium, 
would not thus form compounds since there would be no more tendency 
for the neutral helium atom to combine with an excited atom than to 
combine with any other electronegative atom such as a halogen. But 
in the case of metallic vapors the normal atoms behave as the electro- 
positive and the excited atoms as the electro-negative constituents of 
diatomic molecules like Hgz. Such molecules possess the energy of the 
original excited atoms, less the energy of molecular formation. They 
should be permanent except as collisions so disturb the molecules 
as to cause them to radiate this energy as a molecular band spectrum. 
An examination of conditions of excitation and the nature of the 
spectrum indicates that such is the origin of the unresolved band 
spectrum of mercury. A similar explanation probably holds for 
metallic hydrides, such as NaH, in which the excited sodium atom is 
the electronegative constituent. 

In view of such possibilities, a study of the properties of excited 
atoms and of the conditions determining their production is of obvious 
interest. The writer has given a discussion of these conditions with 
special reference to low voltage arcs,” in which it was shown that the 
concentration of excited atoms is proportional to their rate of produc- 
tion, to their average time of existence, to the square of the scattering 
coefficient of the gas for resonance radiation, and to the dimensions 
of the vessel containing the gas. This treatment showed that the 
great majority of excited atoms are in the excited state as a result of 
absorption of resonance radiation, which, after its initial appearance 
in a gas by electron impacts or by illumination from without, is passed 
on from atom to atom, putting one after another into the excited 
state, and finally escaping from the gas. The attempts to apply this 
conception quantitatively indicate that the theory predicts too large 
rather than too small a concentration of excited atoms. 

This over-success of the theory must be due to the neglect of other 
ways in which the energy of resonance radiation can escape from the 
gas besides escape across its boundaries. That there are other ways 
may be illustrated as follows: 

Imagine a large body of pure monatomic gas, say sodium vapor, 
placed with an amount of its resonance radiation in a perfectly reflecting 


% Phil. Mag., #5, p. 750; 1923. 
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enclosure. We know that ultimately the system must come to equilib- 
rium with its black body radiation. There must thus be some process 
whereby the energy of the resonance radiation is degraded into other, 
principally longer, wave lengths. This process may be slow, as indicated 
by Wood’s” observation that no detectable amount of resonance radia- 
tion, incident on a gas, fails to be absorbed and reemitted without 
change of wave length. 

As was pointed out in the writer’s papers, the formation of com- 
pounds by excited atoms results in a transformation of energy of 
resonance radiation into that of the band spectrum, radiation under 
the influence of the fields of neighboring atoms disperses the energy 
over the entire spectrum, and the presence of foreign gas molecules 
provides a potent means of transformation of resonance radiation by 
its photoelectric ionizing action or by the formation of additional 
types of radiating compounds. 

Another means of transformation of resonance radiation and control 
of the concentration of excited atoms has been pointed out by Klein 
and Rosseland and carried to interesting theoretical and experimental 
conclusions by Franck and Cario. The remainder of this paper is a 
review of their work. 


ELECTRON IMPACTS 


CoLiisions BETWEEN ATOMS AND FREE ELEcTRONS"’ 


It is well established that a free electron may lose kinetic energy at a 
collision with an atom, thereby putting the atom into a state of greater 
internal energy (an excited state) provided its original kinetic energy 
is greater than the difference between the energies of the atom in the 
excited and the normal states. Such collisions we shall term collisions 
of the first kind. 

Klein and Rosseland point out reasons for expecting collisions which 
involve exactly the reverse type of energy transfer, i.e., if an atom in 
the excited state collides with a free electron, its internal energy may 
be transferred to the electron so that the atom returns to the normal 
state while the electron emerges from the collision with a gain in 
kinetic energy equal to the loss of energy by the atom. Such collisions 
which result in radiationless transfers of energy from excited atoms to 
electrons, are termed collisions of the second kind. 


‘6 Researches in Physical Optics, Part II, p. 162. 
'? Klein and Rosseland, ZS. f. Phys., 4, p. 46; 1921. 
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The principal argument for collisions of the second kind is based 
on an extension of Einstein’s theory of the statistical equilibrium of 
radiation and atomsin an enclosure’ to include also electrons. Imagine 
an enclosure containing atoms, free electrons and radiation in thermal 
equilibrium. The presence of collision of the first kind would upset this 
equilibrium, giving too many slow electrons and too much resonance 
frequency radiation were the effect of such collisions not balanced by 
the reverse process,—collisions of the second kind. Thus the formation 
and disappearance of excited atoms by absorption and reemision of the 
kinetic energy of colliding electrons is a reversible process just as truly 
as is their formation and disappearance by absorption and reemission of 
radiant energy. 

We can come tosome conclusions regarding the relative importance 
of these two types of collisions under various conditions if we assume 
the applicability of Einstein’s generalization of Boltzmann’s Theorem 
to a system with discrete states, and, for convenience, restrict our 
consideration to a substance capable of existing in two states 1 or 2. 
If, in the above enclosure, there are 2; atoms in the normal state 1 and 
n» in the excited state 2, and if e,; and e2 are the energies of these states 

= -2 

n,=Chie - , n2=Cpee ai” (1) 

where p; and fp: are the a priori probabilities of these states andC is a 

constant proportional to the total number of atoms. Also, if we assume 

the velocities of the free electrons to be distributed in accord with 
Maxwell’s Law, 

ae 

ule\de=Ke™ ve de (2) 

is the fraction of free electrons with kinetic energies between e and 

e+de. K is a constant independent of ¢« and k is Boltzmann’s constant. 

The number dy, of collisions of the first kind made in unit time 
by those electrons whose kinetic energies lie between « and e+de is 
proportional to the number of atoms in the normal state and to the 
number of electrons with the specified energies. Calling the constant 
of proportionality S,*(e) since it is obviously a function of e, we have 

dv, =n, S;7(e) wle)de. 
Similarly, the number dv of collisions of the second kind by this group 
of electrons is 

dve=Mz So'(e) ple)de. 


‘8 Phys. ZS., 18, p. 121; 1917. 
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We may call S,*(e) the probability of a collision of the first kind by 
an electron of energy ¢, and S,'(¢) the probability of a collision of the 
second kind. More specifically S,*(e) is the probability that a single 
electron of energy « will collide with a particular normal atom in unit 
time, multiplied by the probability that this collision, when it occurs, 
will put the atom in the excited state. S,'(e) is defined in the analogous 
manner. We know that S,°(e) =0 if «<e2—e,, whereas S,*(€) assumes a 
large value, possibly its maximum value when « exceeds e.—€, by 
even a very small amount. This is indicated by the concave downward 
shape, between critical energy points, of the curves showing the inten- 
sity of radiation as a function of the energy of electrons producing it. 

Consider equilibrium of the group of electrons of energies between ¢’ 
and ¢’+de where «’<e2—e,. This group makes no collisions of the 
first kind, but makes 25S2'(e’) u(e’)de collisions of the second kind in 
unit time. Each of these collisions results in the loss of an electron 
from the group. This loss must be compensated by collisions which 
result in the addition of an equal number to the group. Such additions 
can only come, by electron impacts, from collisions of the first kind by 
electrons of energy between ¢” and ¢’’+de, where ¢’”’ =e’ +¢2—€;, each 
collision resulting in a loss ¢:—¢€, and a remainder ¢’ after the collision. 
Thus 

noy(e’)S2'(e’) =m, ule”) SP(e”’). 

Substituting from (1) and (2), and putting 
é’ —e' =€2.—€; (3) 
we obtain 


pi S2(e") Ve’ = pa Salle’) Ve’. (4) 
Although this equation was derived for the case e’ <ez—€,, a similar 
argument shows it to be correct also when ¢’ >e2—e,;. It is therefore a 
general condition of equilibrium under the influence of the two kinds of 
collisions. 


If ¢’ is very small, ¢’ approaches e,.—e, and S,*(e”’) has a relatively 
large value. Therefore S2'(e’) must be exceptionally large under this 
condition. In other words, the probability of a collision of the second 
kind is largest when the electron which collides with the excited atom 
has least energy. Also, the greater is the a priori probability of either 
state, the less is the probability that this state will be altered by an 
electron impact. Qualitatively, at least, both of these conclusions 
would have been anticipated. 

This argument of Klein and Rosseland is not conclusive, since it is 
based on several assumptions whose validity has not been established. 
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It assumes, for instance, a condition of thermal equilibrium with 
black body radiation and a Maxwell’s distribution of velocities among 
atoms and electrons. No one has yet proved that electrons acquire 
this velocity distribution either when mixed with atoms or when exposed 
to black body radiation. Pidduck," for instance, concludes that the 
dynamical processes at collisions of electrons with atoms lead to a dis- 
torted Maxwellian distribution of velocity among the electrons, 
although Langevin” concluded that both systems acquire the Maxwel- 
lian distribution with the same mean kinetic energy. And it has been 
shown that free electrons, when exposed to black body radiation and 
acted on by the electromagnetic forces of this radiation, acquire a 


distribution of kinetic energies whose mean is much less than that 
characteristic of molecules at the temperature of the radiation. These 
failures to account dynamically for the assumed distribution of energies 
may be due to our lack of knowledge of the processes involved in the 
attainment of equilibrium, just as dynamical methods fail in the simpler 
case of equilibrium between atoms and radiations alone. 

A further assumption is that every separate type of energy transfor- 
mation must be reversible and ‘in equilibrium when the entire system is 
in equilibrium, since otherwise the conditions of equilibrium would be 
altered by the transformations. This would certainly be true if, as 
Klein and Rosseland* assume, the energy distribution in the radiation 
and among the electrons and atoms is exactly identical with the dis- 
tribution which would obtain if all transfers of energy into excited 
atoms were suppressed. This, however, cannot be true, since the 
existence of excited atoms involves a diminution of the mean kinetic 
energy of the particles and hence a lowering of the temperature, just 
as if the specific heat of the gas had been increased by the process of 
producing excited atoms. 

There is, finally, the assumption that Boltzmann’s distribution 
equation may be applied to a system capable of existing in a small 
discrete number of states. The same assumption has been made with 
considerable success in other lines,” however. 

It may fairly be said that this theory of Klein and Rosseland, though 
rather speculative, is of great interest in suggesting the existence and 


® Proc. London Math. Soc., 15, p. 89, 1915. 

*° Ann. de Chim. et de Phys., 8, 5, p. 245; 1905. 
" loc. cit. 

® Einstein, loc. cit. 











964 K. T. Compron [J.0.S.A. & R.S.1.,7 


nature of a new phenomenon,—that of radiationless transfers of 
energy from excited atoms at collisions. 


SoME APPLICATIONS OF THE THEORY OF KLEIN AND ROSSELAND 10 
FLUORESCENCE, PHOTOCHEMICAL PROCESSES AND THERMIONIC 
EMISssION™ 


Franck points out that the argument used by Klein and Rosseland 
in the case of collisions between free electrons and atoms can be used 
in exactly the same way to demonstrate the existence of two types of 
collisions between atoms or molecules. (This with the greater certainty 
since there is here little doubt regarding the Maxwellian distribution of 
velocities). It is known that radiation may be produced by molecular 
and atomic impacts, and hence that atoms or molecules may be put in 
the excited state by impacts of other atoms or molecules whose kinetic 
energy exceeds the difference between the energies of the excited and 
normal states. There must, therefore, exist collisions of the second 
kind in which excited atoms give up their internal energy to normal 
atoms, leaving the former in the normal state and increasing the kinetic 
energy of the latter. An equation like (4) should express the relative 
probabilities of these two types of collision. Experiments described in 
the following section prove that the probability of a radiationless trans- 
fer of energy, or a collision of the second kind, is not small compared 
with unity and may be as large as 10 to 50 per cent. Hence there must 
also be a reasonably large probability of a collision of the first kind, or 
one resulting in an excited atom, if two atoms collide with relative 
energy greater than that necessary to produce an excited atom. 

Such radiationless transfers of energy probably explain the effect of 
admixed gases in weakening and modifying the fluorescent spectrum of 
gases like iodine, since such transfers of energy from excited molecules 
reduce the number of radiating transfers as these molecules return to 
the normal state, and also increase the number of ways in which the 
radiations may occur by permitting molecules in a high state of excita- 
tion to pass without radiation to a lower state of excitation (one of less 
internal energy) and then to radiate light of longer wave-length than 
would otherwise have been emitted. On account of the complex char- 
acter of molecular radiation, due to rotation and vibration frequencies 
in addition to the electronic frequencies, observations on fluorescent 
and resonance radiation from monatomic gases are much easier to 


% Franck, ZS. f. Phys., 9, p. 259; 1922. 
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interpret. Consequently the following conclusions were based on 
observations on mercury vapor, to be described in the next section. 

The frequency N’ of occurrence of radiationless transfers of energy as 
compared with the frequency N of radiating acts may be estimated as 
follows. By Einstein’s application of Boltzmann’s Theorem, 

: _hy 
nm =ne kT 
is the number of excited atoms per unit volume, in terms of the total 
number of atoms n and the energy of the excited state Av. (This 
apparently neglects any possible difference in the a priori probabilities 
of the states). If we take 10-* sec as the average free life-time of the 
atoms in the excited state,** the number of radiating acts per second 
per unit volume is 
N=ne iT (10)*. (5) 
According to the experimental result stated above, we may take the 
number of radiationless transfers as equal to the number of collisions 
in which the mean kinetic energy of the colliding atoms exceeds hv, to 
at least the right order of magnitude. This gives 
hy hy n° 
Nia 2( 41 et, where Z =——~ 10°C, (6) 
kT v2 
in which Z is the total number of collisions per second in terms of the 
number of atoms m, their mean speed c and their diameter ¢. Hence 
_— SE SF hy ” . 
V “a (= +1) (10)->. (7) 

At the critical pressure and temperature of mercury vapor (1100 

atmospheres and 1700°C.) N’/N =(10)*®, while at the boiling point 
1 atmosphere and 357°C.) N’/N=(10)*. Thus the number of radia- 
tionless losses of energy by excited atoms is greatly in excess of the 
number of radiating losses at the higher gas Censities, and the ratio 
is directly proportional to the gas density. This rough calculation 
justifies an expectation of important effects produced by collisions of 
the second kind. 

A second success of this theory is in offering a reasonable explanation 
of the emission of the mercury line 2536.7 A, 1S—2)2 as well as the 
line 1849 A, 1S—2P when mercury vapor is illuminated by light of 
wave-length 1849 A. These emission lines arise from the return to the 
normal state of two types of excited atoms, between which there are no 


** Wien, Ann. d. Phys., /0, p. 597; 1919; 66, p. 229; 1921. 
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known spectroscopic connections. In fact a falling from the 2P to the 
22 state is contrary to the selection principle. Explanations of this 
based on the formation and destruction of Hg: molecules or on absorp- 
tion of 10140 A radiation by 2P excited atoms and return to the normal 
state in two stages, one of which gives emission of 2536.7 A radiation, 
are quite unsatisfactory, since both explanations lead to other con- 
clusions at variance with observations. The phenomenon is easily 
explained by collisions of excited 2P atoms with free electrons or 
neutral atoms at which the atom falls to the 22 state without radiating, 
and thence to the normal 1S state by emission of 2536.7 A radiation. 
Such a transformation from state 2P to state 2p: at a collision of the 
second kind would not violate the principle of selection, since this 
principle would not be valid for the atom in the intense electric field of 
the colliding electron. 

This suggests that photochemical processes, like the sensitizing of a 
photographic plate, may be examples of these effects of collisions of the 
second kind. The dye which sensitizes the plate absorbs the red light, 
which the silver halide grains do not absorb. This absorption forms 
excited atoms or molecules of the dye, and these excited molecules are 
able, at collisions, to pass their energy to the silver halide molecules, 
thereby returning to the normal state and leaving the silver halide 
molecule affected as if by the light directly.” An experimental proof 
of such a process in the case of gases is given in the last section of this 
paper. 

Finally, Franck proposes the following explanation of thermionic 
emission from hot bodies. The heat vibration energy of the atoms is 
continually resulting in the excitation of many atoms, putting electrons 
of these atoms into states of higher quantum number. There is equili- 
brium between this and the reverse process. At the surface of the 
metal, where the energy for ionization is reduced by the presence of the 
neighboring atoms, being thus reduced from the normal “ionizing 
potential” to the “work function” of the metal, some of these energy 
transfers are sufficient to completely emit the electrons. 

Such a theory avoids the difficulties involved in assuming free 
electrons in metals. It is somewhat similar to Richardson’s ‘“auto- 
photoelectric” theory of thermionic emission in that it would give rise 


* This theory bears some similarity to Perrin’s theory of catalytic action (Ann. d. Phys. 
11, p. 5; 1919), the difference being that Perrin supposed the energy to pass from the catalizer 
by radiation, whereas in the present theory this transfer takes place at collisions—a process too 
slow to account for all catalytic actions. 
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he to emission dependent on the energy density of the radiation and vary- 
‘is ing with temperature in the same way as predicted by this theory of 
D- Richardson and shown by experiment. It has an advantage over 
al Richardson’s theory, however, in accounting for a much larger emission, 
n, the point where the autophotoelectric theory has failed. This 
advantage is due to the fact that the number of non-radiating transfers 
ly of energy would enormously exceed the number of radiating acts 
or because of the great concentration of atoms, as shown in the last 
section. Furthermore, this theory would obviously account for the 
a. Maxwellian distribution of velocities among the emitted electrons, 
n because of the thermal equilibrium within the metal. 
is 
of QUENCHING OF FLUORESCENCE AND EXCITATION OF SPECTRA 


BY COLLISIONS OF THE SECOND KIND 


Cario® has put some of the foregoing predictions regarding effects of 
excited atoms to experimental test. He first considers the quenching 
of the fluorescence of mercury vapor, excited by 2536.7 A resonance 
radiation or by the impacts of 4.9 volt electrons, by foreign gases mixed 
with the vapor. Taking, as the standard maximum intensity of fluor- 
escence that given by pure mercury vapor at low pressure, he takes 


; Wood’s”’ results for the diminished intensities when N, or Oy: are 
. admixed at pressures up to 15 mm, and carries out experiments showing 
a similar effect produced by admixture of A, Ne and He, thus proving 
: that ordinary chemical action does not account for the quenching. The 
; explanation offered is that suggested by Franck and described in the 
; preceding section, viz., the energy of excited atoms is transformed into 
; kinetic energy of molecules at collisions and is hence lost as far as 
' producing radiation is concerned,—the degree of this loss depending on 
the number of molecules with which collisions can be made. 
' He calculates the fraction of the excited mercury atoms which 


collide with other atoms before they have radiated, and thereby 
permanently lose their chance to radiate. The ratio of the remaining 
fraction to this fraction is proportional to the intensity of fluorescence. 

Let m be the average number of atoms put in the excited state during 
a time T, which is the average interval of time between two interatomic 
collisions. An excited atom may radiate at any time between collisions, 


* ZS. f. Phys. 10; p. 185; 1922. 
7 Phys. ZS. 13, p. 353; 1912. 
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r being the average time between excitation and radiation. /T is the 
average number of atoms put in the excited state per second. In the 
interval of time between t=¢ and t=t+dt, n dt/T excited atoms are 


produced, and the fraction of these which have not radiated before 
Tt 


t=Tise *. Thus 


dt _T-t 
ds=n (1 -« . ) 


excited atoms are produced in the interval dt at the time ¢ and radiate 
before the time T. Thus 
T 


r ; 
i ds,=n[1-Z(1-¢ | 8) 


is the number of excited atoms which are formed during an interval of 
time T and radiate before the end of this interval. 

Since the interval 7 is terminated by a collision, at which the 
ability to re-radiate resonance radiation is probably lost, Cario takes 

N—2Z,=Ze (9) 
as the number of atoms which must make a radiationless transformation 
from the excited state during the time T. 

The intensity J of fluorescent resonance radiation is thus proportional 
to [=Z,/n and therefore to the quantity enclosed in brackets in 
equation (8). If the collisions are assumed to be as between spheres, 
the mean free time T may be calculated by kinetic theory as a function 
of the number of gas atoms per unit volume, the temperature, the 
masses of an excited atom and a gas molecule, respectively, and the 
sum of their radii. Thus the intensity is found proportional to an 
expression in which the only quantities not accurately known are on 
the average free time in the excited state ard the sum of their radii. 
If + is taken to be 10~* sec., as indicated by the meagre experimental 
data available, the variation of intensity of fluorescence with the 
amount of gas leads to a value for the sum of the radii. 

From Wood’s measurements of fluorescence in the presence of air 
Cario thus estimates the diameter of an excited mercury atom to be 
9.1-10-* cm. From his own measurements in the presence of the 
inert gases he obtains a value of the same order of magnitude, differ- 
ences being attributed to inaccuracy of the assumption that every 
collision by an excited atom is one of the second kind. The general 
conclusion is that the effective radius of an excited atom is three or 
four times that of a normal atom. 





Nov., 1923] PROPERTIES OF ExciITED ATOMS 969 


The second portion of Cario’s paper records and interprets a series 
of experiments which afford a striking confirmation of present theories 
of spectra and of the effects produced by excited atoms. A quartz 
apparatus, Fig. 1, contained mercury and thallium arranged so that 
they could be separately heated to desired temperatures, and the 
vapor pressures thus adjusted to convenient values. In operation the 
larger bulb contained mercury vapor at about 0.25 mm and thallium 
vapor at about 2mm. This mixture was illuminated by 2536.7 A light 
from a cooled quartz mercury arc, thus stimulating the mercury vapor 
in the bulb to emit 2536.7 A resonance radiation. The spectrum of 
light emitted fluorescently from the bulb under this excitation was 
photographed by a quartz spectrograph. Besides the presence of the 
strong resonance line of mercury, and other faint mercury lines due to 
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scattering, the plates showed six thallium lines. If the mercury vapor 
was removed from the bulb by cooling the other bulb, or if the 2536.7 A 
line was removed by an absorption screen from the exciting light, no 
trace of the thallium spectrum was found. If the mercury resonance 
radiation was weakened by reversal in the arc, through allowing it to 
get hot, the thallium lines were much weakened. 

These facts are explained as effects of collisions of the second kind 
between normal thallium atoms and mercury atoms which are in the 
excited state through absorption of the 2536.7 A radiation. These 
excited atoms are able to communicate sufficient energy to the thallium 
atoms to raise these to any state whose energy does not differ from that 
of the normal thallium 2/2 state by more than 4.9 volts. These states 
are 1s, 3pi, 3p2, 3d:, 3d2. From these states the atoms may return to 
the 2p; or the 22 states by radiation, subject to the principle of selec- 
tion. Every such line was observed, and with relative intensities 
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as predicted by the selection principle of inner quantum numbers 
(except two lines which we should expect to be extremely weak since 
they come in regions where the fused quartz gives appreciable absorp. 
tion and where the photographic plate was relatively insensitive). No 
other lines were observed except those which would be similarly 
expected if some normal atoms existed in the metastable 2/, state as 
well as in the 22 state, which was obviously the case since strong lines 
were present which indicated the passage of excited atoms to the 29, 
state. 

Thus the experiments are a distinct triumph for the modern theories 
of spectral emission and for the theory of radiationless transfers of 
energy by excited atoms. Similar experiments were made with silver 
vapor in place of thallium. The spectral terms of silver are such that 
we should expect excited mercury atoms to possess sufficient energy 
to stimulate but two lines of the silver spectrum, 1s—2/, and 1s—2p,, 
3281 A and 3383 A, respectively. Actually these two and no other 
silver lines were observed. 

Obviously such experiments can only give positive results if the 
energy of the excited state of the exciting gas is greater than the 
energy required to produce the first displacement of an electron from 
its normal position in the gas which is to be thus indirectly excited. 
Thus the method could be used to fix this critical energy of any gas 
between limits corresponding to the energies of the excited states of 
other exciting gases which might be mixed with it. 


PHOTOCHEMICAL DISSOCIATION OF HYDROGEN BY EXCITED 
Mercury ATOMS 


Franck and Cario** next tested the possibility of utilizing the energy 
liberated in these radiationless transfers at collisions of the second kind 
to produce chemical action. For this purpose they placed hydrogen 
and liquid mercury in a quartz bulb and illuminated with mercury 
2536.7 A radiation from a cooled quartz mercury arc. When the bulb 
was cooled, to eliminate mercury vapor, or when the 2536.7 A radiation 
was cut out by absorption screens, the hydrogen was not influenced. 
But with mercury vapor present, illuminated by 2536.7 A radiation, 
hydrogen was dissociated into atomic hydrogen. The degree of dissocia- 
tion was estimated in several ways: by the reduction of tungsten oxide, 
by the reduction of copper oxide, and by the diminution in gas pressure 


* ZS. f. Phys., 17, p. 161; 1922 
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due to these chemical actions, due to the “clean up” effect in which 
atomic hydrogen is absorbed by the walls of the apparatus. 

In this case the mercury may be looked on as a catalizer, or as a 
sensitizer, playing the same role as does the red dye sensitizer on a 
photographic plate. The two essentials of the above process are (1) 
the admixture with the hydrogen of a gas whose excited state possesses 
sufficient energy to dissociate hydrogen molecules and (2) an agent 
which puts atoms of this gas into the excited state. 

CONCLUSION 

There can be no doubt of the great importance of excited atoms in 
spectral excitation and in many phenomena of electric discharges in 
gases. Although their behavior in collisions of the second kind has 
been suggested rather than conclusively demonstrated by the argument 
of Klein and Rosseland, yet the striking success of this theory in inter- 
preting and suggesting optical and photochemical phenomena at the 
hands of Franck and his co-workers demonstrates the importance of this 
point of view and gives hope that it may be further used and developed. 
The field of electrical discharges and spectral excitation is so compli- 
cated that this successful coordination of several diverse phenomena is 
an important contribution to the subject. 


PALMER PuysicaAt LABORATORY, 
PRINCETON, NEW JERSEY 


Relativity and Space.—By Charles P. Steinmetz. 10+126 pages. 
McGraw-Hill Book Co., 370 Seventh Ave., New York. 


Four lectures, of which the first is a popular presentation of the 
subject as a whole, entirely non-mathematical, while the last three, 
taking up the theory in somewhat more detail, present in simplified 
form and in part by analogy, the more important conclusions. 

Of the numerous books on relativity which have recently appeared, 
this one is particularly suited to the layman. By use of exceedingly well 
chosen illustrations and analogies, and by assuming only the simplest 
concepts of algebra, geometry and physics, Dr. Steinmetz has presented 
the line of arguments followed in relativity theory, if not in a rigorous 
form at least in such a manner as gives even the casual reader a clear 
conception of what it is all about. Inevitably, approximations and 
deviations from “mathematical rigidity” have been introduced in order 
to keep the discussion as non-technical as possible. The result fully 
justifies the means, whatever mathematicians may think. 

Lecture I, delivered to a lay audience, presents the relativity of po- 
sition, motion, length, time, and mass. A discussion of the motion of a 
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billiard ball on a table on a moving train brings out the inter-relations 
of inertia, acceleration and gravitation. 

Lectures II, III, and IV were delivered before the Pittsfield, Mass.. 
Section of the American Institute of Electrical Engineers. 

Lecture II, Conclusions from the Relativity Theory, discusses the 
older conceptions of the ether as contrasted with the present ideas of 
Fields of Force. Then follows a treatment of the four-dimensional space 
of Minkowski and the relativistic ideas of mass and energy. 

Lecture III, Gravitation and the Gravitational Field, discusses, in 
turn, mass, the law of gravitation, deflection of light in a gravitational 
field, the orbit of a beam of light, the finite volume of the universe, and 
the effect of a gravitational field on the wave length of spectral lines 
originating therein. 

Lecture IV, The Characteristics of Space, although well written, 
will probably make less of an appeal to the reader than the first three 
Lectures, in spite of Dr. Steinmetz’s statement that it “is one of the 
most fascinating subjects of human knowledge and . .. a general 
understanding of it (is) desirable for the layman.”’ The average reader 
can understand that there might be a change of mass with velocity; he 
can visualize the bending of a ray of light in a gravitational field; or 
the shortening of a meter-stick in motion, however improbable these 
phenomena may seem. But the bending of space—that will probably 
remain, to the layman, mathematical fiction. 

Indeed, one raises the question: Why all this interest in Relativity? 
Of course one can but admire the intellectual powers of an Einstein, 
who starting with a few simple assumptions, builds such a vast super- 
structure of theory thereon. As an exercise in mathematical logic the 
theory of Relativity has no superior. But as to the correctness of the 
assumptions or, even if they be correct, the importance of the conse- 
quences—that is an entirely different matter. In the words of one who 
is an authority on the subject and who is certainly one of the dozen, or 
so, who can understand Einstein, “Relativity is about as important in 
Physical theory as would a cubic Angstrom of whiskey be in satisfying 
the thirst of a toper.” Contrary to the assertion frequently made, 
change of mass with velocity is not a prop for relativity theory: it 
follows from classical theory as well. To be sure, the two theories lead 
to slightly different expressions for the change of mass, but experi- 
ments even in spectroscopy, can hardly be said to favor one formula 
more than the other. The same may be said of the bending of a ray of 
light in the sun’s gravitational field. And one must remember that the 
interpretation of the famous Michelson-Morley experiment was made 
at a time when every scientist had the most implicit faith in the wave 
theory of light—a faith which is now being very severely shaken by 
the indubitable evidence of the quantum theory. 

Nevertheless, those who wish a glimpse of Relativity Theory will 
find Dr. Steinmetz’s book a very valuable contribution. 

F. K. RICHTMYER 
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INSTRUMENT SECTION 


STANDARDIZATION AND LIMITATION OF TYPES 
AND SIZES OF LABORATORY APPARATUS* 


By J. M. Roperts 








In the presentation of this subject, it will be necessary for me to 
deal in generalities as the number of types and sizes involved is such 
that it will be impossible to discuss individual items. The facts as 
obtained in this report cover a period of some two and one half years 
work by our committees. We have been very careful to be conserva- 
tive and have determined our results from the most reliable source 
obtainable. 


For convenience in presenting the subject, I will divide the discussion 
into what has been accomplished in the Standardization of 

First, Chemical Apparatus. 

Second, Physical Apparatus. 
It will be necessary to review briefly the history of the manufacture of 
scientific apparatus since 1912 in order to present the problems that 
confronted the committee. At that time the industry in the United 


States was on an entirely different basis than at present. In the Chemi- 
cal Apparatus Industry, a large majority of the items, especially glass- 
ware, was imported from Europe; only special apparatus was made 
in this country and the industry could not be called a manufacturing 
one. Apparatus made of metal in a number of cases was imported, but 
in many instances was made here where the volume warranted. The 
same is true of special pieces that were peculiarly adapted to the Amer- 
ican industrial laboratory need. The industry, however, as a whole 
was on a jobbing basis, dealing in a low priced commodity and quite 
frequently even on a commission basis for direct importations; the 
users being accustomed to wait for deliveries delayed from three to 
six months. With these conditions present, it was possible for the 
dealers to catalog a great variety of articles for which there was a 
very limited demand, since the country from which we received the 

* This article is a revision of a paper on this same subject presented by Mr. Roberts at 
the Conference of Apparatus Makers and Users, held in Washington under the auspices of 
the National Research Council March 23 and 24, 1923. It was submitted for publication in 
this JourRNAL at the request of the Editors. One cannot overestimate the importance of 


cooperative efforts of makers and users of apparatus as exemplified by the work herein 
described. —Editors. 
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supplies had an abundance of cheap labor working on an antiquated 
schedule of small but personal production and the American dealers 
were not expected to make prompt deliveries from stock. At the 
opening of the world war in 1914, all sources of glassware, porcelain and 
a number of special instruments were cut off, and the American manu- 
facturer was called upon by both educational institutions and industrial 
laboratories to meet the demand for essential laboratory equipment. 
This he did, developing in two years an industry that had required the 
skilled Europeans forty or fifty years to bring to the standard of perfec- 
tion that existed in 1914. He did this at a time when he in common 
with all other industries found his labor costs increasing both on account 
of advanced wages, and the inefficiency of labor. In some cases the 
costs were more than double those of 1913. We found that we had to 
produce a large number of low priced articles many of them for the 
same purpose and differing from each other in dimensions and designs 
just enough to require a different tool; this in turn necessitated a large 
outlay for equipment with very little chance to get on a production 
basis due to the relatively small demand for each of the various designs. 
The distributor on the other hand found that his operating expenses 
were also increasing; his inventories were 100°, more than what they 
had been a few years previous for the same amount of goods; rent for 
floor space had increased and the cost of clerical help was more than in 
normal times. This latter item he found was also expensive when 
compared with other industries for the reason that it was necessary to 
employ more highly educated clerical help due to the technical nature 
of the product handled, and in relatively larger numbers on account 
of the great amount of detail that was necessary. Catalog expense was 
more than doubled due to the increased cost of composition, press work, 
and print paper. Our customers were demanding prompt service and, 
of course, reasonable prices. This was impossible if we had to manu- 
facture and carry hundreds of articles that were slow sellers and for 
which there was practically no demand. With this conditions confront- 
ing us, the Association of Scientific Apparatus Makers of the United 
States, appointed a committee in 1920 to work in conjunction with a 
similar committee of the American Chemical Society to study the prob- 
lem and endeavor to find a solution. We were encouraged to do this 
when we saw the standardization accomplished under the direction 
of the Bureau of Standards in other lines such as Builders Hardware 
and paving brick, and also in our own industry when we received re- 
ports from the English and German Chemical Societies. These reports 





Nov., 1923] STANDARDIZATION OF APPARATUS 975 


all indicated drastic cuts in the number of items as well as a standardiza- 
tion of sizes and dimensions. After consulting with the American 
Chemical Society’s Committee, we decided our most-important work 
was to eliminate all poor selling items and sizes. We outlined our 
method of investigation as follows: 

The Association of Scientific Apparatus Makers’ Committee sent to 
the various manufacturers and to representative firms dealing in chemi- 
cal laboratory apparatus located in New York City, Philadelphia, Pitts- 
burg, Chicago, and Los Angeles a questionnaire on the items to be con- 
sidered, asking them to examine their record of production and sales and 
to indicate the ones they desired to RETAIN or DISCONTINUE. 
These lists were returned to the Chairman of our Committee who tabu- 
lated the votes and in turn sent the results to Dr. W. D. Collins, Chair- 
man of the American Chemical Society’s Committee. He in turn 
submitted them to his committee composed of representative chemists 
from educational institutions and industrial laboratories. Upon 
receiving their votes, the committees would have a joint conference 
to decide upon the final report. We believed by getting the opinions 
of the manufacturers and firms in different parts of the country, that 
we obtained the demands from all of the various industries and educa- 
tional institutions, and then having these reviewed by a committee of 
chemists engaged in different activities, we secured an impartial report 
of the demand. The most striking fact was that the five firms voting 
independently and without consultation in 80°%% of the cases would 
agree, and upon questioning the ones disagreeing, we would almost 
invariably find that their demand came from a particular customer 
who might be persuaded to accept something else. We also found that 
the American Chemical Society’s Committee agreed with us in about 
the same ratio and it was very easy to reach a decision that was agree- 
able to both committees. We, therefore, believe that we have adopted 
the correct plan and as we were very conservative in eliminating an 
item if there was any indication of a demand for the same, we are sure 
that we have not deprived any chemist of an essential article. 

I will give you briefly some of the reports in order to show you 
the abuses that had crept into the industry through duplication and the 
failure to eliminate items that had become obsolete. In one catalog 
were listed 148 Gas Burners of all kinds. Some of these had been 
designed fifty years and now were useless on account of recent improve- 
ments in high temperature burners. Our committee eliminated 70 of 
the 148 Burners. 











976 J. M. RoBerts [J.0.S.A. & R.S.17 


In the catalogs of a chemical porcelain manufacturer, were 227 
items; we eliminated 99 and should have done more. We also suggested 
two new sizes in Evaporating Dishes and then eliminated nine of the 
old sizes. The new sizes in connection with the older ones retained 
will give a series of graduated capacities sufficient to meet all needs, 
and at the same time enable the manufacturer to use his kiln to better 
advantage; the laboratory storekeeper in turn to reduce his stock of a 
comparatively expensive product. In order to show the abuses in 
sizes, this manufacturer stated that in three years he had sold only 
twelve of one size of Combustion Boat that retailed for 25c each. 

Flasks and Beakers were next considered and to secure data to 
determine the sizes and forms to be retained, we asked one large manu- 
facturer to submit his stock sheets for the year 1920. We determined 
the total number of beakers manufactured and computed the percentage 
of each design and size. We found that for every 10,000 250 cc Griffin 
shaped Beakers, lipped, sold, only 90 of the same size, without lip, 
were demanded. The result of our investigation was that we dis- 
continued 31 out of 48 sizes and designs listed. 

Iron Clamps were made in 86 styles, sizes and designs; we dis- 
continued 45. 

Dishes, not counting Porcelain Evaporating Dishes, 214 were listed 
and the committee reported 109 discontinued. 

You will be surprised to know that there were listed 80 different 
designs of Extraction Apparatus and of these 37 were discontinued. 

Gas Analysis Apparatus evidently was a very interesting field for 
development with the result that the dealers had neglected to dis- 
continue the obsolete forms as the newer and better designs were de- 
veloped. This resulted in 190 different forms being listed in the 
various catalogs; 123 of these were dropped by the committee. 

Funnels of various kinds, including Separatory and Dropping 
Funnels, had 199 sizes; 107 of these were dropped. 

Pipettes had accumulated 106 sizes and 74 were discontinued. 

Special Bottles, not including the ordinary and reagent bottles, 
numbered 197 forms and 102 were discontinued. 

Filter Paper was one of the most difficult subjects that we considered. 
This was due, first, to the various uses to which it is put and to the fact 
that the manufacturers had made a paper suited for only one use 
and had not endeavored to produce a paper that could be used for 
a number of conditions. Also the manufacturers had very strong 
partisans that refused to give other makes due consideration. These 
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conditions resulted in 358 sizes of the four well-known manufacturers— 
Schleicher & Schull, Whatman, Munktell, and A. D. Little, but did 
not include various other kinds of several different trade names. Ifa 
dealer endeavored to keep a representative stock of all sizes of the above 
manufacturers, it would require a capital outlay of at least $50,000 
and cause a very slow turn over. The committee first determined to 
eliminate sizes of certain qualities that were poor sellers and found that 
in some cases the 9 cm and 11 cm sizes were sufficient, while in others 
we should have sizes from 7 cm to 24cm in stock. We did not make any 
recommendation as to manufacture, but would refer to the claim of one 
manufacturer as to the adaptability of their paper for universal quanti- 
tative work. If this paper should prove satisfactory to the chemists, 
it would solve the filter paper problem, as it would reduce stock both 
in the laboratory and upon the dealers’ shelves, and necessarily the 
paper could be manufactured at a more reasonable cost and sold at a 
closer margin of profit. 

Another item that gave the committee considerable trouble was that 
of Rubber Tubing. At present there are three qualities on the market— 
White Tubing, Red or Antimony, and Black or pure gum. The 
majority of both committees feel that the Antimony should be discon- 
tinued as it is questionable whether the name signifies anything at 
present, and it is understood that the mere color has no significance as 
to quality. We, therefore, in our formal report recommended the dis- 
continuance of the Antimony or Red Tubing, believing that the same 
qualities and performance can be obtained from a good quality of the 
black tubing. We also wish to recommend the purchase of Rubber 
Tubing by the foot and not by the pounds, as the Specific Gravity varys 
so much on account of the various “loadings” that unless you specify a 
guarantee of Specific Gravity you will find that the price per pound is 
not significant of the number of feet that you secure. 

This constitutes the resume of the work so far on Chemical Ap- 
paratus. The committee has considered some 3214 items and has 
eliminated about 1807. It has also standardized the dimensions of 
Calcium Chloride Tubes and Liebig Condensers. In the near future 
we will have a report ready on Centrifuge Tubes, including Holders 
for the same, and Brushes, with a view to standardize and simplify 
this line. Also we expect to take up the question of specifications 
of designs and dimensions to a greater degree. We believe, however, 
that this will necessarily have to originate with the American Chemi- 
cal Society’s Committee as they represent the users. 
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PHYSICAL APPARATUS 


Our Association has also considered the elimination of obsolete 
designs in Physical Apparatus and the standardization of the Re- 
tained instruments. In this field we have experienced many more dif- 
ficulties than in the Chemical Apparatus and we believe this is due to 
the following reasons: 

ist. The teaching of Physics cannot be so closely standardized as 
in Chemistry. 

2nd. In the writing of new manuals in physics, the authors have 
used different designs of apparatus from those that have become stand- 
ard through a number of years of development—they do this to make 
their textbook individual. 

3rd. In the teaching of chemistry the same apparatus is used as in 
the industrial work while in physics more demonstration models are 
needed to illustrate a principle and this in itself allows a greater dif- 
ference in design and performance. 

From the point of view of the use of apparatus in both educational 
and research laboratories, there is fundamentally a great difference in 
the nature of equipment needed because of the wide difference in the 
nature of the two sciences. Between apparatus and instruments for 
use in physics there is a fairly sharp dividing line between that used 
for demonstration purposes and for measurements. The second group 
includes also such pieces as facilitate the determination of measurements 
and the setting up of the various components required for an elaborate 
experimental research. In the first group little standardization appears 
possible because practically any physical principle that lends itself to 
demonstration can be shown in many different ways, and with as many 
different kinds of apparatus. This permits a wide choice of accessories 
on the part of the instructor and in a group of a dozen demonstrators 
there will be probably that number of choices as to the method which 
seems most suitable. It is true that a number of demonstration pieces 
have become more or less standard, largely perhaps because they 
happen to be the first ones available and have become perpetuated 
in the catalogs. The task of the manufacturer of physical apparatus 
is to get as good a cross-section as possible of the opinion of the users 
of such apparatus as to what constitutes excellence in apparatus for 
demonstrations, and then to make his designs and build his apparatus 
accordingly. The organization that succeeds best in doing this is the 
organization that will set the basis in establishing commonly accepted 
designs of apparatus for demonstration purposes. 
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With reference to measuring apparatus and accessories for facilitating 
measurements the situation is somewhat different. Here the opinion 
as to what constitutes suitable designs and proper limits of accuracy 


is more capable of unification. Given a set of conditions in a measure- 
ment it is likely that any given number of men in charge of the work 
could agree substantially upon the points mentioned. Emphasis can 
be placed on whether the measurement is intended to bear out a law or 
for obtaining a highly accurate result. In measurements intended to 
demonstrate principles there is no occasion for high refinement either 
in the apparatus or the method, and relatively low priced apparatus is 
just as good for the purpose as apparatus costing several times as much 
which could give a result different only in degree but not in principle. 

In accessory apparatus such as rods, bases, clamps, rheostats, thermo- 
stats and the like, standardization is also possible to a certain limited 
extent. Present sizes have come into existence largely thru personal 
opinion and judgment of pioneers in the field as to what constituted 
satisfactory equipment. We believe that to a certain limited extent the 
system of preferred numbers which has been brought to the attention 
of technical men of this country by the American Engineering Standards 
Committee may prove useful. In one particular line of apparatus our 
development department found considerable simplification possible 
by an application of the percentage rule in establishing sizes, i.e. that 
graduations in size of a given piece such that each one of the series is a 
certain percentage larger or smaller than the next size leads to a satis- 
factory and simplified group. We were able, for example, to get down 
the number of sizes to a minimum so that where formerly various 
different sizes of all materials had to be carried in stock, we have been 
able to come to just a single standard size. 

However, our committee recommended the elimination of a number 
of types of obsolete apparatus. Some of the manufacturers have acted 
upon this suggestion and others have promised to do so in their next 
catalog. Our own company is publishing a new catalog of Physical 
Apparatus in which we eliminated 648 sizes and designs out of 2004 
listed in our previous physical catalog. Much more should be done in 
the case of Physical Apparatus and we especially need the assistance of 
all organizations that are interested in the presentation of this subject. 
We wish to extend an invitation to the Educational Committee of the 
American Physical Society and the organization of the Central Associa- 
tion of Mathematics and Science Teachers to assist us in this work. 
We believe it will assist in the advancement of the subject and will 





980 J. M. Roperts [J.0.S.A. & R.S.1, 7 


enable the physicist to demand more consideration from scientific 
schools than at present. 

Our committee would suggest to the writers of text books and 
manuals that before illustrating or describing a piece of apparatus to 
confer with some reliable apparatus manufacture who maintains a 
competent engineering organization in order to secure from them the 
latest developments, and having received these to build your descrip- 
tion of the experiment around this design, and thus save the users of 
the book much trouble and expense to secure the proper equipment. 
This was fully demonstrated in the case of a popular text book on physics 
that appeared some twelve years ago; the author of which before pub- 
lishing his book thoroughly considered the apparatus necessary for the 
presentation and conferred with several firms as to standard apparatus 
for this book. We want to impress on the users that a multiplicity of 
items makes manufacturing a very difficult proposition. Designs that 
would easily adapt themselves to improved methods of manufacturing 
have not a sufficient sale to warrant the expense of special tools. 
Therefore much hand work must be done which means high costs. 
Firms who have made a success in lines with quantity production com- 
pletely fail when they apply similar practices to this field and have 
retired from it in disgust. I have in mind one firm that some fifteen 
years ago developed a very excellent line of physical apparatus. They 
were peculiarly suited for this work as they had been building precision 
instruments for years, but after the line was developed they found 
that the sales were not sufficient to allow them to adopt the same 
method of manufacturing as their regular one and, therefore, abandoned 
the field. If we can with reason eliminate the poor sellers, we would 
find that the manufacturer would be able to turn out better instruments 
and produce them at a lower cost. 

The committee realize that the greatest task is still before them 
the standardization of dimensions, capacities, designs and accuracies. 
In order to accomplish this we must have the cooperation of the users. 
We ask everyone to be reasonable in their demands and not ask the 
impossible at the price desired, remembering that we do not need ap- 
paratus whose accuracy is greater than the personal error of the user. 
The American manufacturer can produce an instrument of any desired 
accuracy at a price but we must remember that it will cost considerably 
more than the one manufactured for ordinary work. Again if you are 
considering the development of a new piece of apparatus be sure that 
its component parts are standard. Do not select odd sizes to build your 
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apparatus and in case you are developing a new method, use, if possible, 
standard apparatus. Each additional piece introduced adds so much 
to a line already over burdened with slow sellers. I do not mean that 
we are opposed to new developments and improved apparatus, but we 
should be sure that the offering has merit and should work together to 
make it of standard parts and cooperate to eliminate slow sellers. 

In closing the writer wishes to say that he has gone to some trouble 
to question the larger users upon the desirability of elimination. He 
has conferred with several large universities and in every case they have 
agreed that it is a step in the right direction and some say we have not 
gone far enough. The members of the University Purchasing Agents’ 
Association have asked for copies of our report and the same has been 
supplied to them. The writer met with the Bacteriological Committee 
at their Christmas meeting and plans have been adopted to stand- 
ardize the apparatus used by this group. Some progress has already 
been made. Also we have cooperated with the Manufacturing Chemists 
Association of the United States and have embodied their report with 
ours. I trust that everyone will assist us in making this work a success 
as it is sure to be helpful to all, both in regard to service and prices. 
We wish to retain the manufacture of scientific apparatus in this 


country and we know that the secret of American efficiency and low 
prices is quantity production. 


CENTRAL SCIENTIFIC Co., 
Cuicaco, ILL. 


The Stereoptometer.—The stereoptometer is a device for the 
photographic surveying of the topography of a given stretch of land. 
A stereoscopic pair of pictures is taken on a base of some 50 to 100 meters, 
measured exactly by the length of image in a telescope, of a standard 
sight. The plates after being developed and fixed are placed in a 
reproducing device. It isshown that if the plates are placed in the same 
relative position to the same lenses used in taking the picture, but that 
the base is reduced in a given ratio to the original base, the pictures will 
be rigorously the pictures of a new topography reduced in the same ratio 
to the original topography. (With the result, however, that the plates 
are no longer quite in focus. This is remedied by adding a thin supple- 
mentary lens in front of the objective without changing the distance 
from the latter to the plate; and, it is shown, without detracting from 
the rigorousness of the picture.) An index moved in this new topography 
is adjusted until its images on the respective plates coincide with those 
of an object in the picture. It then occupies the position of the object 
on the reduced topography, and this is marked with a pencil on a sheet 
of paper through a pantograph linkage. 
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The average error at the edge of the field, it is shown, is independent 
of the distortion of the objective, and should be approximately 0.002 
L(L being the actual distance from the object to the camera in taking 
the picture), or about that obtained on the best previous instruments 
used for photographic surveying, while allowing, however, of a greater 
speed in reproduction. Two samples are illustrated of the work which 
may be done. [J. Predhumeaux. Revue d’optique theorique et 
instrumentale, /, p. 313; July, 1922.] 


PIERRE Mertz 


On a New Radiation Pyrometer.—The author reviews articles 
appearing in E. T. Z. 42, p. 1384; 1921, and Feinmechanik /, p. 138; 
1922, describing a new form of radiation pyrometer being manufactured 
by two German concerns. 

The optical pyrometer labors under the disadvantage that it can not 
be made recording, while the total radiation pyrometer, although not 
subject to this difficulty, has several of its own. The maximum emf 
generated by the detecting thermocouple in the usual form of radiation 
pyrometer is of the order of four millivolts so that a sensitive galvano- 
meter is required. Dust or dirt on the mirror or thermocouple seriously 
affect the accuracy. It is desirable to prevent heating of the instrument 
as a whole, but on the other hand it is necessary to mount the pyrometer 
close to the furnace in order to keep the opening in the furnace small. 

The new pyrometer consists of a telescope with a thermocouple as a 
detecting element and a galvanometer to indicate or record the tempera- 
ture. The two thermocouple wires, .03 mm in diameter, are mounted 
in a vacuum and have attached to the hot junction a blackened piece of 
.007 mm platinum foil. The telescope is 12 cm overall, with a glass 
objective of 5 cm focal length and is provided with an ocular to assist 
in setting up the instrument. The thermocouple is permanently set 
at the focus of the objective. At 1400° C an emf of 15 mv is obtained 
and the range can be extended to higher values by the use of an appro- 
priate stop. 

The absorption of the objective makes it necessary to calibrate the 
instrument empirically, the radiation incident upon the thermocouple 
increasing as the sixth or eighth power of the temperature for the lower 
portion of the range and more nearly approaching the fourth power at 
higher temperatures. This crowds the lower part of the scale and the 
lowest temperature measurable is 600°C. As the author points out, 
this instrument suffers from the difficulty common to all total radiation 
pyrometers of being more sensitive to a departure from black body 
conditions than the optical pyrometer. [Hoffman, ZS. f. Inst. 34, 
p. 140; 1923.] 


Leo Breuer 
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INTENSITY MEASUREMENTS OF SPECTRAL LINES 


By Joun K. ROBERTSON 


The extent to which accurate intensity measurements of spectral 
lines have been made is extremely limited. In published tables, it 
is true, relative intensities of spectral lines are frequently given, but 
for the most part these are based on some purely arbitrary scale. 
We have, for example, the practice of estimating visually the density 
of the image on a photographic plate, and assigning corresponding 
values to the intensity ranging from 1 to 10. While such information 
is undoubtedly useful, it is of little value if it is desired to know how 
the energy is distributed among the various lines of a spectral series, 
or how the intensity of a single line alters with changing conditions 
of excitation. To obtain the answer to questions of this nature, some 
quantitative and as far as possible non-subjective method is necessary. 
Except for extremely intense sources, direct measurements of the 
intensity by such instruments as the bolometer, are almost out of the 
question.' For the most part, therefore, workers in this field have 
sought to make quantitative use of the permanent record given by a 
spectrogram. This has been done in at least two different ways, (1) by 
using the neutral-tinted glass wedge method of Merton and Nicholson,” 
(2) by measuring the density of the photographic image, that is, the 
degree of blackening on the plate. 

As the writer had planned to make certain intensity measurements 
in connection with his work on the Electrodeless Discharge, it seemed 
desirable to make a preliminary test of the relative advantages of the 
two methods. While the measurements made are by no means com- 
prehensive, they are given below in the hope that they may be of some 
value to others working in this important field of spectroscopy. It 
should be stated that the work in this paper has reference chiefly to 
the problem of calculating the way in which the intensity of a single 
spectral line changes with changing conditions of excitation. 


WEDGE METHOD 


The essential feature of this method consists in the use of a wedge 
of neutral-tinted glass placed immediately before the slit of the spectro- 


' vy. Joly, Phil. Mag. XXVI, p. 801; 1913. 

? Merton and Nicholson, Phil. Trans. A, 2/6, p. 459; 1916. 
Merton and Nicholson, Phil. Trans. A, 2/7, p. 237, 1917. 
Merton and Nicholson, Phil. Trans. A, 220, p. 137; 1918. 
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graph. In consequence, the more intense a line, the longer it is on the 
plate. Fig. 2 shows the appearance of a typical spectrogram. The 
exact way in which the length changes with changing intensity obvious- 
ly depends on the nature of the absorption by the wedge, and is found 
as follows:— 

If J,=intensity of light incident on wedge, wave length X, 

I =intensity of light emergent at the base of wedge, 
then, by definition, 
D,=density of wedge, for wave length X, is given by 


D) =log.0 (I./T) (1) 
But, since absorption by the wedge follows the exponential law, 
T=I, + 10%.*, (2) 


where £,=coefficient of extinction, or the change in the logarithm of 
the intensity per unit thickness, and 
x =thickness of the wedge. 
Combining (1) and (2) we have 
Dy =logio (105*) 
={,x, where x = thickness of base=AB, Fig. 1. 
that is, Dy, =%-AB (3) 





3 
—_ 2 oo J. [4 
i 





Fic. 1. Showing position of neutral wedge with | lo spectrograph, and corresponding 
appearance of spectral line. 
Now, the basis of the comparison of intensities lies in the assumption 
that there is a critical exposure of a photographic plate which pro- 
duces a blackening just visible, and is the same, for the same wave- 
length, for all parts of the same plate. For example, in Fig. 1, the 
critical exposure is that corresponding to the peak, as well as to all 
parts of the edges of the image of the spectral line. 
Suppose, therefore, (see Fig. 1) that 
1,=length of spectral line, 
L=length of wedge, 
I, =intensity of incident light, 
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e I, =emergent intensity which gives rise to the critical degree of 
e blackening, 

;- ab = thickness of wedge corresponding to peak of line. 

d Then, by (2), 


I.=I1 . 1075-20 
or Iyn=!I,. 10fr-26 














f,)AB 
=J..10 ” 
since ab _|; 
} AB L 
Dr +1, 
| et 
y =1..10 ” 
n from (3) : 
length of line transmitted by wedge 
=I,.10°> length of wedge. 
length of line on plate 
» 
=I,.10 “length of wedge on plate 
=I,. 104", (4) 
)) 
where 


d, =change in density of wedge per millimetre of its length on 
the plate, and 
h\,»=length of spectral line on the plate. 
Suppose, now, the same line under different conditions of excitation, 
for the same exposure time, gives a length on the plate =/2,, then 


To, =I. 10%," (5) 
Combining (4) and (5), we have 
Tin _ 104, (r—ma (6) 
T 


In other words, by measuring the difference in the lengths of the 


a same line, for two different intensities, we can find the ratio of the 
‘ intensities, provided, (1) the time of exposure is the same, (2) the value 
, of d,isknown. As d) is a function of the wedge itself, as well as of the 
e 


wave-length, it can be determined once for all for any spectrograph. 
Once its value has been determined for different wave-lengths, the 
comparison of different intensities of the same line by this method 
resolves itself into a measurement of the differences in the lengths of 
lines, a fact which does not seem to have been made use of by Merton. 
Because of the difficulty of determining the base of the line, due to 
truncation of wedge and other factors, the necessity of measuring only 
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differences is a very great advantage. On the other hand, it should be 
pointed out that the final values obtained give the ratios of the intensi- 
ties of the central portion of the line and not that of the total intensities. 
Unless, however, a line is very broad in one case and narrow in another, 
valuable information is given by this ratio. 


CALIBRATION OF THE WEDGE 


To find the value of d, it is necessary to know the change in the 
length of a line (on the plate) corresponding to a known change of 
intensity. As it is a difficult matter to locate on the plate the exact 
position at which the intensity has the critical value, Merton’s method 
was followed in order to determine the length of a line. This consists 
in making an intensified positive on a process plate, from which a 
bromide enlargement is made through a ruled screen plate, one hundred 
lines to the inch, placed in contact with the bromide paper. By this 
means, the image of a line consists of a row of alternately light and dark 


dots or short lin as illustrated in Fig. 2, and it is comparatively casy 
matter h of the line on the paper. By obtaini 
magniiicaticn m, plate to paper, the required length on the plate is 


i 
4 j ; i i; i¢ i ij é | | 


To reduce the intensity a kr n amcunt two things are essential 
1) a constant source of light, (2) an exact méans of reducing 
intensity. As source of light, the writer used a helium capillary 


vacuum tube attached to the secondary terminals of a transformer, the 
primary of which was supplied by a rotary converter operated on 110 
volt storage. The vacuum tube was kept cool by a fan motor, while 
by means of an A.C. ammeter in the primary circuit, the current was 
kept as constant as possible. Once the converter had been in operation 
for half an hour or longer, the maximum fluctuation from the mean was 
of the order of 4% per cent. It was assumed, therefore, that vari- 
ations in the intensity of the source could be neglected. To reduce 
the intensity a known amount, a piece of perforated zinc was placed at 
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right angles to the parallel beam of light existing between two con- 
verging lenses of focal lengths 10 cm. and 30 cm., when the former 
was at its focal distance from the vacuum tube, and the latter, at 
its focal distance from the slit of the spectrograph. The plate of zinc, 
for the gift of which the writer is indebted to the B. Greening Wire Co. 
of Hamilton, Ontario, contained circular holes of diameter 0.59 mm., 
with centres apart a distance of the order of 1.2 mm. By calculating 
the fractional area of the plate occupied by the holes, the factor giving 
the intensity reduction can readily be found. To this method, however, 
there are two objecticns. The first is due to the fact that the effective 
width of the beam is not known exactly, the second arises from the 
phenomenon of diffraction. A glance at Fig. 3 will clearly show that 


. 


9 
SY 
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Fic. 3. Representing a section of perforated plate and showing effect of a change in aperture 
of incident beam. 
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the intensity reduction factor for a beam of width CD is not the same 
as for a beam of width C’D’ and in the case of dimensions such as 
were used by the writer, this gives rise to a considerable percentage 
difference. To overcome this difficulty the perforated plate was at- 
tached to a heavy piece of metal swung as a pendulum, so that during 
an exposure it was in constant to and fro motion. Because of this 
device, it was assumed that the error was slight in taking the reduction 
factor to be that calculated on the assumption that the effective beam 
was infinitely wide. 

With regard to the error due to diffraction, it is possible to make 
an estimate of its magnitude from the size of the holes, focal length of 
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lenses, and width of source. Such an estimate leads to corrections given 
in Table I. In the second column of this Table, the number 5.69 gives 


Taste I 








Logarithm of 
Intensity 
Change 


Calculated Corrected 


Wave Length - 
. Factor Factor 











5000 595 | .775 
539 | 77 


5.69 


6000 5.69 5.97 | .78 
} 
5.69 =| 


| 

a 
7000 | 5.69 6.03 18 

4000 | 





the number of times the intensity is reduced, as found from the dimen- 
sions of the perforated pattern. The next column gives values corrected 
for diffraction, which obviously are different for different wave-lengths, 
while in the fourth column is given the logarithm of the intensity 
change. This we may call the density of the perforated plate, using 
the term in the same sense as already applied to the wedge. 

Regarding the effect of diffraction on the value of the density of the 
perforated plate, the writer is informed by Dr. Merton that, to avoid 
any such difficulty he now uses a fine grating made by ruling lines on a 
smoked glass plate, the grating being so placed that the lines are per- 
pendicular to the narrow capillary source. 

To calibrate the wedge, as well as to test the general method, two 
plates XIII and XIV, with exposures as shown in Tables IT and III, 
were taken. It will be seen that with these plates, for any particular 
wave-length, three independent determinations of d, may be made; 
from XIII, Nos. 1 and 2; XIII, Nos. 4 and 5; XIV, Nos. 1 and 2. 
The plates used were Wratten and Wainwright, double coated 
Panchromatic. 


TasLe II—P uate XIII TasLe III—Pate XIV 














No. Time Conditions No. Time Conditions 








10 min. | with plate 10 min. | with plate 

10 min. | without plate 10 min. | without plate 
1 min. | without plate d 1 min. | without plate 

10 min. | with plate 4 min. | without plate 

10 min. | without plate { 7 min. | without plate 

13 min. | without plate 




















In Tables IV, V and VI details of the measurements of the plates 
for six lines are given, lengths being expressed in numbers of dots, 
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while Table VII gives a summary of the data from which the recorded 
values of d, were obtained. It will be seen that there is just as good 
agreement between readings for different plates, as between the two 
settings on the same plate. 

TABLE IV 
Pirate XI1I[—Print A. No. 1, 2, 3; m, magnification, Plate to Paper =2.85. 








6678 5 5015 4922 4713 





18 ) 17 10(—1) 13(—1) 

42 ; | 35(—1) 28 30(—1) 

17 : ; 15 y 11 
Difference 1 and 2 24 18— 18+ 17 
Difference/m a 6.3? 6.32+ 5.97 

















TABLE V 
PLate XI1I—Print B. No. 4, 5; 











Difference 4 and 5 


Difference/m 6.7? 


| 
| 
| 
| 








| 
: | 
2 5 | 





TABLE VI 
Prate XIV—Print C. Nos. 1, 2, 3, 4,5; m=2.85 








5876 5015 4922 








os 
1 E 16 Too faint 
2 34 —- 
3 ; 15 Too faint 
4 28(+1) 
5 34(—1) 
Difference land2 | 18 


Difference/m 6.3? 


S) 

















On the other hand the accuracy of the method does not seem to 
justify the use of as many significant figures as are given in Merton’s 
papers. Unfortunately details of calibration measuremerts are not 
given in his papers, and an exact comparison has not been possible. 
Some later measurements made by the writer in collaboration with 
Dr. A. Ll. Hughes, with a different batch of plates, confirm one in 
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the opinion that, while the method is extremely valuable, it does not 
lend itself to a high order of accuracy. In these later measurements, 
the intensity was reduced by the perforated plate, as well as by two 
standard neutral filters purchased from the Eastman Kodak Company. 
There was considerable variation in individual values obtained from 


TaBLe VII 


Wave-length 5876 5015 4922 
Factor 7 78 775 
Table I\ 
Table V 
Table VI 


Mean 


~-~uwnuwuw wn 


Length in millimeters 
dy 


TABLE V 


Wave-length 6678 5876 501; 4922 4713 


dy 40 49 : _ ae 


the plate and the filters, but there is fair agreement between the 
average of the three, as given in Table VIII, and the values recorded 
in Table VII. It should be added that the absolute lengths of the 
lines were different in the two cases, a fact which suggests that a pos- 
sible departure from the true wedge shape of the neutral-tinted glass 
may have been partly responsible for the discrepancy. 

As a test of the method, intensity ratios, for several lines, for ex- 
posures 1, 4, 7, 10 and 13 minutes, were found from observations on 
lengths of lines, and were compared with values calculated on the as- 
sumption that the Schwarzschild constant =0.86. Taking the 1 min 


TaBLe IX. Ratio of Central Photo Intensities 





Intensity* in terms 
of 1 minute 








1 min. | 1 
4 min. 3 3.4 0 
7 min. 5.3 

10 min. 25 8.0 6 
13 min. 9.6 | . Oe bog 


*Calculated on assumption that Schwarzschild’s constant = . 86. 


5 
3 
2 
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exposure as the unit, this means that the exposure for 4 minutes 
produces the same photographic effect as if the time had been kept 
constant, and the irtensity changed (4/1) or 3.3 times. For 7 
minutes the intensity change is 5.3, and so on for the other time 
intervals, as shown in the first two columns of Table [X. In the re- 
maining columns are given the corresponding intensity ratios as calcu- 
lated from formula above. 
DISCUSSION 

While the agreement is only fair, it is well to remember that the 
table does show that the numbers found by an application of the 
wedge method gives within a few per cent the actual number of times the 
intensity has changed. In other words, the numerical quantities do 
not simply give the densities of photographic images or anything of that 
sort. They show, moreover, as already noted, that valuable information 
is obtained from the use of the central intensities. 

In using the wedge method, errors may arise from a variety of 
causes. In the first place, measurements are made not on the original 
negative, but on bromide paper after two photographic processes, in 
each of which irregularities may occur. Care must be taken to have 
uniform illumination of both process plate and bromide paper. More- 
over, the slit must be illuminated with light of uniform intensity 
throughout its length, a point which the writer assumed to be the 
case with a capillary several centimeters long and the proper optical 
adjustment. Subsequent work, to which reference has been made, 
has shown that errors might easily arise from these causes. Again, 
practical considerations limit the degree of magnification, and the actual 
differences in the lengths of lines do not give rise to a large number 
of dots (see Tables IV, V and VI). An error of one dot, accordingly, 
may mean a considerable percentage error. Turning to the wedge itself 
we have already noted one possibility of an error arising from lack of 
uniformity. The same wedge, moreover, is adapted only for use with 
a limited range of intensities. To illustrate, many of the lines of Plates 
XIII and XIV were completely absorbed by the wedge which was 
truncated even at the thin edge, and with such lines, measurements 
were out of the question. With sufficiently long exposures, measure- 
ments even with the fainter lines, would be possible, but as a rule 
other considerations set a limit to the lengths of time which may 
conveniently be used. The only alternative is to have two or more 
wedges with a different range of values of d,. Without unduly length- 
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ening the effective portions of the slit of the spectrograph, Dr. A. L]. 
Hughes and the writer have shown that it is quite possible to use two 
simultaneously. 

Subjectively the method is admirable. The uncertainty in counting 
the dots is practically niJ, as the same length can be recorded again 
and again, even by different observers. Moreover, the method, 
although photographic, is independent of the time of development, 
as any time of development which produces a visible blackening at 
one part of the plate will do so for the same exposure, at another. 
This, of course, is not true if the emulsion coating is not uniform, and 
for any accurate work, special precautions should be taken to use as 
uniformly coated plates as can be obtained. 


INTENSITY FROM MEASUREMENT OF DENSITY OF IMAGE ON SPECTRO- 
GRAM BY MICROPHOTOMETER 


The essence of the second method consists (1) in the measurement 
of the degree of blackening, or the density of the image of a spectral 
line on the original negative, (where density has again the same 
meaning as that already noted), (2) in the use of an “H and D” curve 
to obtain the intensity change corresponding to each blackening or 
density change. 

To measure densities use was made of the microphotometer, de- 
scribed by Meggers and Foote.* While details will be found in the 
reference, a brief outline of the method is desirable in this article in 
order to understand the readings given below. A small portion of the 
negative, illuminated with an intense, but constant source of light, is 
viewed through a high power microscope, in the barrel of which is 
inserted a photometer lamp. By adjusting the current through the 
filament of the photometer lamp, a match is made, (1) between the 
filament brightness and (the light transmitted by) the clear portion 
of the negative adjacent to a line, (2) between the filament and the 
centre of the line itself. If a calibration curve has been previously 
made to show the variation in the filament current when the intensity 
of the light illuminating any portion of a plate is cut down by known 
amounts (by some such method as rotating sectors), the density of the 
image of any line may be read off directly from such a graph. Such a 
calibration curve was made by Mr. P. Lowe, of the Royal Military 
College, Kingston, Ont., and was used in obtaining densities recorded 
in Tables X and XI. 


3 Meggers and Foote, Bur. Stds. Sci. P. 385, 1920. 
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To compare the microphotometer method with the former, use was 
made of Plate XIV. In the case of the strong lines measured by method 
I, there was almost no change in the density of the photographic image 
for an intensity change of several hundred per cent. For example, 
\6678, with the perforated plate gave a density of 1.45, without the 
plate, 1.45; in the case of 45876, the densities were 1.47 with the plate, 
about 2 per cent higher without. In Tables X and XI are given read- 


TaBLE X. Blac chening of 5000 





Intensity change 

Log of Intensity 

Microphotometer 
(clear) 





Microphotometer 
(line) 51! 7 

Change in Micropho | 
tometer readings 

Blackening | 
Density of Image) .80 oe 1.39 | 


| 








Taste XI. eens 8 of 4400 


7 min. 10 min. 





Intensity change 3.; 
Log of Intensity 
Microphotometer 
(clear) | 
| 


| 
Microphotometer | 
(Line) 


Change in Micro- | | 
photometer readings 85 2 
Blackening 

(Density) 63 


144 


| 
at 
» | 
eke 





144 





ings for two very much fainter lines, one of which (A5000 approx.) at 
10 mins. exposure was barely within the range of the wedge method. 
In Fig. 4, these results have been plotted, blackening (density of image) 
against the logarithm of exposure. This is simply following the usual 
H and D practice except that, instead of measuring exposure by the 
product (intensity X time), we have substituted (intensity < time -*). 
To make one set of values fit into the other, part of the curve for Table 
XI was drawn first, as indicated by the dotted line, and then the initial 
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point (density. 0.8) of the readings in Table X placed on this curve.! 
The exposure scale was then shifted an equivalent amount for the 
remainder of the points. From this curve, which shows the flat 
“shoulder” portion of an H and D curve, we see again that the density 
method is not adapted for measurements of strong lines. This is 
nothing but a verification of the fact established first by Hurter and 
Driffeld that if a plate is either underexposed or overexposed, the 
change in the density of the image, with changing exposure, is slight. 
It follows, therefore, that this method is only of use for densities which 
fall on the straight portion of an H and D curve. 


9 


8LACKEN/NG 


oe 





7 ; : 
LOG EXPOSURE (1t") 
Fic. 4. Graph obtained by plotting densities of spectral lines against log of exposure. 


But even if its use is confined to densities in this region, there are other 
objections to its use. It is well known that the slope of this portion 
of an H and D curve varies with the time of development. Now, 
while one can always work with the same time and temperature, this 
introduces an added possibility of error. Moreover, in this method, 
it is necessary to make a calibration H and D curve for at least every 
batch of plates, whereas, in the wedge method, d, for a given instru- 
ment, is a function only of the wedge and of the wave-length. On 
the other hand, in the microphotometer method, readings are taken 
directly from the original negative and that is a decided advantage. 


‘In view of the fact that two different wave-lengths are being used, there is some objec- 
tion to this procedure. In actual practice a calibration curve would be necessary for each 
spectral line. 
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Subjectively, however, the advantages seem to the writer to be all 
on the side of the wedge method. Watching the filament is very 
trying on the eyes, and individual readings, for the same portion of a 
plate, are liable to vary considerably among themselves. For example, 
the reading 515 which occurs in Table X, is the mean of 515.5, 522, 
508.5, 517, 512. As it is always desirable to eliminate the subjective 
element as far as possible, the wedge method on the whole seems 
preferable. 

The microphotometer readings were possible because of a grant for 
its purchase made by the Honorary Advisory Research Council of 
Canada. 

QuEEN’s UNIVERSITY, 

Kincston, ONTARIO, 

May, 1923. 


Planck’s Constant h.—Dr. Harold D. Babcock, of the Mt. Wilson 
Observatory, has just finished a series of measurements on the value of 
e/m, from the Zeeman efiect, and obtains as the weighted mean of 49 
separate determinations, a value of 1.761+10’, as compared with 
Birge’s recomputed value of 1.758+0.009 from spectroscopic data. A 
thorough study of possible errors leads Dr. Babcock to the conclusion 
that the error in the above value can scarcely exceed +0.002. On this 
basis, Dr. Babcock’s new value of e/m is the most accurate now known. 

Particular interest attaches to the value of the Planck constant h, 
using this new value of e/m. Of the seven methods listed by Birge in 
his consideration of the most probable value of # (Phys. Rev. /4, p. 
361; 1919), the only method involving the value of e/m is that from 
Bohr’s theory of the Rydberg Constant Nw. Using for the sake of 
technical accuracy the value of N«»(=109,737) and the assumed value 
of e/m=1.761+0.002, we obtain A=6.556+0.011, instead of 6.542+ 
0.011 using 1.773 + 0.002 for the value of e/m. This latter value of e/m 
and its error was obtained from the results given in Kaye and Laby’s 
Tables. It is now evident that the close agreement in the mean value 
of e/m, from Zeeman effect and from deflection experiments, given in 
those tables, is merely an accident, and that Birge’s previous assump- 
tion of error in e/m was unjustifiably small. 

This new value of h=6.556-10*' agrees exactly with that of Duane 
determined by continuous X-rays, J. O. S. A. 5, pp. 378-87; 1921. 
[Raymond T. Birge, Nature, /// p. 811, 1923.] 














DETERMINATION OF THE SCHWARZSCHILD CONSTANT 
By Joun K. Ropertson 


In examining the possibilities of the Merton and Nicholson wedge 
method of measuring intensities of spectral lines, it occurred to the 
writer that it might provide an excellent method of evaluating p, the 
Schwarzschild blackening constant. It will be recalled that Schwarzs- 
child, as a result of an investigation on the way in which the density 
of a photographic image varied with changing exposure, enunciated 
the law that the product 7¢* was constant, for equal degrees of 
blackening. Although, since that time a considerable amount of work 
has been done in examining this law, its general truth has been by no 
means established. To refer to but one recent paper, Helmick,' in an 
extended study of the same field, has obtained values of p ranging from 
.68 to 1.95. It seemed worth while, therefore, to test the wedge method 
by using what seemed to be a new means of determining the value of p. 
Shortly after the determination had been made, a paper by Mallet’ 
appeared, in which an account of a determination of p, for white light, 
by a very similar method, was described. As the writer’s method is 
applicable to individual spectral lines, and in one or two respects differs 
somewhat from that of Mallet, the results obtained are presented in this 
paper. No attempt was made originally to make an exhaustive study, 
but rather was it sought to show the possibilities of a new method. 

The theory is extremely simple. If we assume that for equal degrees 
of blackening, the product J?’ is constant, where p is an unknown 
constant, then from (6) of the previous paper, it follows that 

It? = 10 2r4er-Ary), 7) 
It.? 
from which 
dy X (he, — yy) 8) 
log t—log ft, 

It follows at once that p may be calculated from the difference 
in lengths of two lines, for two corresponding times, or, better, by 
using a series of different times, the calculation may be made from a 
graph. Accordingly lengths of a single line (Plate XIV) were plotted 
against the corresponding times, and a smooth curve drawn. Should 
one of the points on such a graph fall one “dot” either above or below 





' Helmick, Phys. Review, /7, 8, p. 135; 1921. 
2 Mallet, Phil. Mag. 44, (263), p. 904; 1922. 
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the smooth curve, it seemed reasonable (since there is sometimes an 
uncertainty of one dot in measuring the length of a line), to take a 
corrected length from the curve. Next, these corrected lengths were 
plotted against the logarithm of the time. According to equation (8) 
the resulting graph should be a straight line. That the departure 
from theory is not great will be evident from an inspection of the two 
typical graphs shown in Figs. 5 and 6. 
LOG TIME 
J 4°95 6 7 8 


9 40 %¢S4 Sea 














LENGTH OF LINE -~ /N NUMBER OF DOTS 


1 ae 5 70 1a 
TIME /N MINUTES 


Fic. 5. Graph in which length of spectral line 5015 is plotted against (1) time of exposure, 
(2) log of time of exposure. 


From the slope of the graph, therefore, the value of p is at once 
) obtained by use of relation (8). The results for 5 spectral lines are given 
in Table XII, bottom row. 

















C TasLe XII. Value of Schwarzschild Constant 
y re } | | 
a | 6678 5876 | 5015 4713 | 4471 
| - — — 

Plate XIII 81 | 73 | 86 | 84 87 
d Plate XIV | 88 84 82 so | .7 
y Plate XIV-graph 86 | 1 | 83s 87s 74 





The values in the other rows are those calculated by applying formula 
(7) to the 10 min. and 1 min. exposures of plates XIII and XIV. 
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The variations in the three readings for a single line, as well as those 
existing among the mean values for all the lines, are of the same order 
as those obtaining in the much more extensive readings given in Mal- 
let’s paper. The writer’s paper, therefore, gives additional evidence 
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Fic. 6. Graph in which length of spectral line \6678 is plotted against (1) time of exposure, 
(2) log of time of exposure. 


that, at least for intensities such as were used by him, the Schwarzs- 
child value of p is not far out, and moreover, shows that an extended 
investigation of the possible variations in its value with the wave-length 
would be worth while by the method outlined.’ 

QvEEN’s UNIVERSITY, 


KINGSTON, ONTARIO, 
May, 1923. 


3 Note added October 3rd, 1923.—The writer is not unaware that the work of this 
paper and that of part of the previous one on intensity measurements are intimately con- 
nected with the general subject of photographic density on which extensive investigations 
have been and are being made. In view of the expressed aims of the papers, it has not 
been considered necessary to give references to the literature in this field with much of which, 
indeed, the writer does not profess great familiarity. 














A SIMPLE DENSITOMETER FOR ACCURATE WORK 


By Greorce R. HARRISON 


In some work done by the writer on photographic film characteristics 
in the ultraviolet it became necessary to have an instrument which 
would measure densities to within one per cent, yet which would not 
be too elaborate. A densitometer was designed which gave very 
satisfactory results, yet it was built in a short time from materials found 
in the laboratory. 

It had previously been found that a radiomicrometer could be 
quickly constructed which was as sensitive as a twenty junction Bi-Ag 
thermopile used with the most sensitive type of d’Arsonval galvano- 
meter obtainable. The thermopile is capable of greater sensitivity 
when used with an astatic galvanometer, but this marks an abrupt 
change in the ease of handling. The radiomicrometer was therefore 
chosen as a measuring instrument, since its lack of portability was no 
drawback in this case. 

Since the radiomicrometer was first designed by d’Arsonval, and 
independently by Boys, it has been used by some half dozen investi- 
gators only,! and has been improved more or less by each. All agree as 
to the satisfactory behaviour of the instrument, and express surprise 
that it has not come into greater prominence. 

The body of the instrument in the present case was made by soldering 
a one inch brass tube 40 cm long to a flat base, which was mounted on 
a wooden sub-base provided with levelling screws. A torsion head was 
provided at the top, and two windows were cut in opposite sides of the 
tube near its base, one two inches above the other. The permanent 
magnet was not built into the body of the instrument, since it was 
found convenient to be able to move it about. 

The coil consisted of fifteen turns of #40 B.&S. gauge enamelled 
copper wire, waxed to a small glass staff which held a mirror 1 cm 
in diameter and a hook at the top. To the bottom of the coil was 

! Radiomicrometers: d’Arsonval, Soc. Franc. de Phys., p. 30 and p. 77; 1886. 
Boys, Proc. Royal Soc., 42, p. 189, 1887. Phil. Mag., 180A, p. 159; 
1889. 
Coblentz, Bull. Bur. Stds., 2, p. 479; 1906. 7, p. 243; 1911. 
Schmidt, Ann. der Phys., 4, 29, p. 1003; 1909. 


Paschen, Wied. Ann., 48, p. 275; 1893. 
Lewis, Ast. Jour., 2, p. 1; 1895. 
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soldered a thermojunction of 5 mm of .05 mm dia. silver wire, and 
5 mm of .1 mm dia. bismuth. To the bottom of the V, where these 
were soldered together with a small bead of tin, was welded a rectangu- 
lar tinfoil receiver about 3X4X.03'mm. This was painted black on 
the side opposite the mirror with the usual mixture of lampblack, 
platinum black, and thin shellac. The directions of Coblentz,’ and 
of Pettit and Nicholson*® for building thermocouples are found useful 
in building radiomicrometer suspended systems. 

Quartz fibers were made by holding two pieces of broken quartz 
beaker together in a carbon arc until fused, and then quickly pulling 
them apart. Only those fibers were saved which gave the coil a 
complete period of between half a minute and a minute. 

With the suspension in place and the instrument lined up, the 
permanent horseshoe magnet was placed in a clamp so that the part of 
the tube containing the coil was between its poles, and turned so that 
the deflection was upscale when the receiving junction was warmed. 
One or two specimens of copper wire were found to contain so much 
magnetic material that nothing could be done with them, but in general 
a test of two or three spools of commercial wire will yield one that 
is satisfactory. No attempt was made to get rid of ferromagnetic 
effects entirely, since a deflection of 40 cm was obtained for a candle 
and scale at one meter, equivalent to about 3 cm per sq. mm of il- 
luminated vane in air. The direct radiation from the hand held twenty 
feet away produced several millimeters deflection, so careful screening 
was necessary. 

The present radiomicrometer differs chiefly from previous ones 
in that a fine wire thermojunction is used instead of the usual half- 
millimeter rods, and its resistance is therefore greater. Since the 
maximum sensitivity is attained when the coil has approximately the 
same resistance as the thermocouple, it was of advantage to use more 
than one turn in the coil. Instead of the customary few milligrams, 
the moving system weighed well over half a gram, which made for 
greater steadiness and is desirable in a case such as the present one 
when sufficient sensitivity is attained without less inertia. 

The radiomicrometer is supposed to be free from magnetic dis- 
turbances, but this is only approximately true. There is always a 
certain amount of magnetic material in the coil, and if absolute steadi- 


? Coblentz, Bull. Bur. Stds., 9; 1912. 
* Pettit and Nicholson, Ast. Jour. 56, p. 295; 1922. 
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ness is desired a soft iron screen should be provided. After the instru- 
ment had been carefully screened from air currents, being surrounded 
by a wooden box stuffed with cotton and sealed with wax, and with 
heavy plate glass over all windows, it was found that the zero wandered 
several millimeters periodically even in darkness. Internal air currents 
were blamed for this until it was noticed that a similar radiomicrometer 
at the other end of the room moved in absolute unison with the first. 
A permanent magnet outside the box produced a few cm deflection 
even when held at rest. A soft iron screen did away with this largely, 
and the only zero drift which remained occurred when high light 
intensities were used, due to the different emissivities of the hot and cold 
junctions. This can be largely eliminated by placing radiators on the 
cold junctions, but is of little consequence when the instrument is used 
ballistically, as in the present case, with provision for moving the tele- 
scope from side to side a few inches, so that the cross wires could be set 
on zero each time. 

A scale was arranged at three meters to allow 150 cm deflection 
and the instrument was calibrated by a standard lamp on a photometer 
bar, and found to give deflections exactly proportional to light intensi- 
ties within the limits of the scale. Individual settings of the lamp 
gave results varying somewhat from the inverse square law, but the 
error curves when plotted showed no resemblance to one another. 

The optical system was similar to those used in the Koch micro- 
photometer and other non-visual photometers.* A high capacity 
110 volt battery served as a source of current for a 6 volt automobile 
lamp, which was controlled by a high resistance, the light remaining 
constant to within .1 of 1%. The light was concentrated by a short 
focus lens of 3 cm aperture on a slit immediately in front of the negative 
to be measured, which was mounted on a stand arranged for horizontal 
and vertical motion. After passing through the negative, which 
was in contact with the slit, the light was refocussed on the receiver 
of the radiomicrometer by a similar lens. With the above arrangement, 
the lamp burning at normal brightness, and a slit of about .5 mm width, 
a density of 2 gave full scale deflection, so with this slit width densities 
up to 4 could be measured. This corresponds to a deflection for 100% 
transmission of 15,000 cm, so a set of wire screens was used to cut down 
the light intensity by a known amount for measuring low densities. 
Merely burning the light less brightly would produce a change in its 


* Koch, Ann. der Phys., 30, p. 841; 1909. 
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color, and although the variation of density with color has not been 
worked out in detail, such an effect is known to exist. 

One fact which must be borne in mind is that this instrument gives 
densities to specular light, which are always greater than those to 
diffuse light. The instrument could be readily calibrated for diffuse 
densities in terms of some visual photometer, but this has not been 
done in the present case since only relative values were desired. 

For x-ray densitometry, where densities up to 6 or 7 may be used, 
a wider slit could be used on sensitometric strips, and with a 6 volt 
locomotive headlight and lenses of larger aperture the present instru- 
ment would serve admirably. It should be remembered that the device 
as described is in no sense a microphotometer, but rather a photo- 
micrometer. It could be used with a much narrower slit and adapted 
to the former purpose, but its sensitivity would have to be increased to 
reach high densities. 

The half period of the instrument most used is 15 seconds, so that 
it is possible to do all the work of setting, reading, and recording 
about 50 measurements an hour. For routine work it is convenient 
to arrange a scale system on the slide rule principal to give the logarithm 
of the ratio of strip reading to fog reading directly. 

From the above it is evident that a very satisfactory densitometer 
can be constructed using the radiomicrometer as a measuring instru- 
ment. It requires a less elaborate setup and is less fatiguing to use than 
the eye method, and is much easier to handle than the photoelectric 
cell. It does not require an expensive galvanometer to be tied up with 
it, as does the thermopile, and can be constructed much more easily 
than the latter by anyone with only a moderate amount of skill. It 
will measure transmission factors quite accurately from 99% down to 
1 part in 20,000. It can be calibrated directly in terms of incident 
energy, and hence will serve to standardize lamps. For these reasons 
it seems to deserve a wider use. 


DEPARTMENT OF PHYSICS, 
STANFORD UNIVERSITY, CALIFORNIA, 
Jury, 1923. 














AN INSTRUMENT FOR THE MEASUREMENT OF 
PHOTOGRAPHIC DENSITIES 


By C. B. Bazzon1, R. W. DUNCAN AND W. S. MATHEWS 


A number of instruments have been devised for measuring density 
variations on photographic plates especially the variations across im- 
ages of spectrum lines. These have been generally of one of two types— 
either optical photometers of a micrometric character or electrical de- 
vices using light sensitive materials particularly photoelectric cells. 
Instruments of both types have been developed to a point where they 
are convenient and accurate—those of the second class being especially 
useful in that they produce a continuous record of the density variation 
which can be preserved on a moving film. In this connection refer to 
Koch and King, Astrophysical Journal, 39; 1914 and to Moll, Proc. 
Phys. Soc. London, 33, p. 207; 1921. In 1920 the authors built a density 
measuring device differing from those referred to above, not as an im- 
provement on them, but because of the relative availability of materials 
at the time and place. This device has worked so well in use during the 
past three years that it seems worthy of description. 





Fic. 1. Device Assembled 


The arrangement, which is shown in Fig. 1, photograph, and in Fig. 2, 
plan, makes use of the Thalofide cell as the light sensitive element. 
This cell is connected in series with a potential of 45 volts and a bal- 
listic galvanometer. An adjustable potential is in parallel with the 
cell to take care by compensation of the slow drift of resistance under 
applied potential which the Thalofide cell is known to exhibit. The 
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body of the instrument is an old spectrometer—the sensitive disc of the 
Thalofide cell being supported in the focal plane of the telescope lens. 
Between the collimator, which is provided with a special adjustable 
slit the face of which is entirely without projections, and the telescope 
is a light tight box in which an accurate photographic shutter is ar- 
ranged immediately in front of the collimator lens. This shutter can 
be set and sprung from the outside of the box by air bulbs. In front 
of the slit is a two way motion similar to the mechanical stage of a 
microscope so that a photographic plate supported in a suitable clip 
may be set flush with the slit and moved to a hundredth of a millimeter 
vertically or horizontally as desired. The slit is iluminated by a high 
wattage concentrated filament tungsten lamp and a set of condensing 








G galvanometer T telescope P photographic shutter 
B balancing voltage C collimator M micrometric clamp E screen holder 
A Thalofide cell K condenser N tungsten lamp 


Fic. 2. Diagram of construction and connections. 


lenses. A secondary slit is placed in front of the specimen plate to 
prevent the passage of stray light. The maximum sensitivity of the 
Thalofide cell being in the infra-red and the cell being readily liable to 
damage by exposure to ordinary light it is useful to place a red glass 
screen in the path of the light in the box. The light tight container 
has, also an additional sliding shutter to protect the cell when not in 
use. 

The mode of operation is to place the specimen in front of the slit, 
to spring the shutter for an exposure of, generally, 1/25 second and to 
observe the throw on the galvanometer. The exposure interval must 
be adjusted to the density and light conditions being frequently as 
high as 4% second. To compare the densities of two films two succes- 
sive observations are required. To plot the variation in intensity 
across a spectrum line from ten to twenty successive observations at 
intervals of 30 seconds to one minute are necessary. 

Certain obvious objections can be raised to this method of measure- 
ment. First, the light intensity and conditions of illumination must be 
maintained constant over an extended interval of time. Second, the 
Thalofide cell must be depended upon to recover approximately com- 
pletely during the limited time interval between exposures. Third, 
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the photographic shutter must be supposed to give accurately equal 
exposures on successive releases. The first objection is met by using an 
incandescent lamp, properly installed and operated from a constant 
source, generally large storage batteries. As to the second objection 
careful experimental tests served to support the observations of the 
developer of the Thalofide cell, T. W. Case (Phys. Rev. 15, p. 289), 
that recovery after exposure to small light quantities such as get 
through the slit system and specimen film is complete within a few 
seconds, say, five as a maximum, for proper intensity adjustment. 
Further, the drift of zero which sets in on applying the 45 volt potential 
becomes so extremely slow after one half hour to three-quarters of an 
hour that it can be neglected in most cases if the potential is applied 
an hour or two before the runs are to be made. Where the drift can 
not be neglected it is easily neutralized with the auxilliary potential. 
The third objection, based on the inconstancy of the shutter, would 
appear to be a serious one on account of the relatively erratic perfor- 
mance of spring operated shutters even of the most expensive makes. 
However, repeated observations showed a reproducibility sufficiently 
remarkable to surprise the authors and to convince them that the shut- 
ter operating over the intervals used was sufficiently constant. With 
exposures of the order of one half second this is perhaps to be expected, 
the total time being large compared to the variations. A specimen set 
of observations is tabulated in Table 1 showing ten successive exposures 
made through the same portion of a film. 
TaBLe 1. Demonstration of Reproducibility 

Slit width, 0.25 mm Time of exposure, 1/25 sec. 

| 


Trial fs fafs[a 














Deflection in mm| 42.0 | 41.6 | 42.0 | 41.8 
| 


hs 





A fourth objection to the method as applied to the study of density 
variations across an image is that we have here a point to point pro- 
cedure involving more experimental skill and consequently more 
personal errors than a continuously operative device like that of Koch 
and King. This is, of course, a defect inherent in the method. Again, 
as compared to microscopic methods there is a disadvantage in mapping 
spectrum lines arising from the necessity of enlarging the original plate 
by a large factor, in our work usually times twenty, before carrying 
out the density measurements. With proper apparatus at hand and 
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sufficient photographic experience this objection is serious only in that 
extra work and time is involved. Finally the Thalofide cell must be 
maintained at a fairly constant temperature during runs, within, say, 
two degrees or so, as the dark resistance of the cell is a function of the 
temperature. (Case, |.c. ) 

The following observations on the broadening of the Ha line in a 
condensed discharge carried out in the summer of 1921 by one of us 
(Mathews) will serve as examples of the results delivered by the device. 
These observations, although interesting, are not investigational. They 
were made merely to test the apparatus. In this work a Leeds and 
Northrup high sensitivity galvanometer, not ballistic, was used. The 
slit width was 0.25 mm and the micrometer screw was arranged to 
advance the photographic plate 0.25 mm between two successive 
observations. The zero reading of the galvanometer was checked 
after each observation. The spectrograms were made on W. and W. 
panchromatic plates and enlarged on Seed plates the measurements 
being made on the positives. A large Hilger spectrometer having a 
prism with a resolving power for the Fraunhofer B line of about 6000 
was used. Four spectrograms were made on the same plate and 
enlarged in pairs on other plates so as to avoid as much as possible 
errors due to differences in the emulsions. The time of exposure 
for each observation was one half second throughout the series. The 
Ha line was obtained from a Plucker tube with 20 cm between electrodes 
and an estimated gas pressure of 14 mm which was overexcited with a 
six inch or eight inch induction coil and operated with or without 
a condenser to produce the broad or ordinary lines as desired. The 
intensities of the lines are representable numerically by the areas ur der 
the curves when plotted to the same scale. 

As is well known (Michelson, Astrophys. Jour. 3, p. 251; 1896, 
Buisson and Fabry, Jour. de Phys. 2, p 442; 1912) the breadth of an 
ordinary spectrum line produced at low pressures and with an uncon- 
densed discharge can be ascribed to the Doppler effect of the emitting 
particles and the distribution of intensity across such lines is a 
probability distribution. With high pressures or with a condensed 
discharge, that is with a discharge in which a high electrical intensity 
exists due either to an applied potential or 10 the interacting fields of 
closely adjacent atoms, the lines are broadened in an apparently 
anomalous way. Stark suggested (Ann. der Phys. 43, p. 965; 1914) that 
this broadening was due to an electrical resolution—the so-called Stark 
effect. The Stark broadening is relatively large so as readily to be 
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observed in an ordinary spectroscope. The breadth of Ha in a field 
of 104000 volts as determined experimentally by Stark is 23 A.—the 
line being composed of a central component and eight symmetrically 
placed side components extending plus and minus 11.5 A. from the 
central one. These components are represented with their appropriate 
relative intensities at E Fig. 3. The general appearance of the 
broadened line in a spectroscope incapable of separating the components 
is shown at F, Fig. 3, which was made up by Nicholson and Merton 
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Fic. 3. Ha, 6 inch coil; A and B, ordinary lines; C and D, broadened lines. 


(Phil. Tran. Ser. A. 216, 478; 1915) to represent the central part of the 
Ha line in accordance with Stark’s measurements. The detail of this 
curve has been well checked by Nicholson and Merton and is roughly 
apparent in Mr. Mathew’s results presented below. 

In Fig. 3, lines A and B, are taken with a six inch coil and no conden- 
ser. These-lines, especially B, show an approximately normal intensity 
distribution. Lines C and D were produced by the condensed discharge 
of the same coil using a condenser of 0.0021 mf. Here, as is easily seen, 
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we have broadened lines with symmetrically placed satellites on the 
sides at S and S’. Comparison of these curves with the theoretically 
constructed curve F shows a marked similarity in form. In the absence 
of any information as to the strength of the field in the discharge no 
numerical check on the actual separation can be made and the curve 
serves merely as a qualitative confirmation of Stark’s explanation of 
the broadening of the line. 

Curve D is characteristic of a number of measurements. The 
plates were exposed in the enlarging camera by moving a slide by hand 
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Fic. 4. Ha, 8 inch coil; ordinary lines, self reversed. 


necessarily rather slowly which exposed one side of each line more than 
the other by a variable amount. This may account for the apparent 
difference in the intensities of the two satelites. The lines when 
asymmetrical were uniformly so on the same side. Many similar 
curves were taken which show concordance in area and form far enough 
to demonstrate that the ordinary Ha line has an energy distribution 
across it roughly of probability character while the broaderied Ha line 
produced in a condensed discharge is of higher energy, much broader 
and provided with symmetrically placed satellites at the sides. 
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Fig. 4 gives specimen curves of the distribution of intensity across 
ordinary, unbroadened Ha lines which show reversal. C and D differ 
from A and B in that a large condenser was used in the primary circuit 
of the coil for C and D. Self-reversal is a phenomenon not unusual 
in discharge tubes. Here an eight inch coil was used. Although the 
reversal is not conspicuous on the plates nevertheless the instrument 
records it and the curves therefore serve as interesting specimens. 

It is evident from the results here cited that the density measuring 
device described has, in its original form, value for certain applications. 
It is evident further that its field of application could be much extended 
by developing the arrangement in connection with a vacuum tube 
circuit to give a continuous record. This development is being worked 
out at the present time. 

RANDAL MorGAN LABORATORY, 

UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, PA. 


Diffusion of Resonance Radiation in a Gas.—A parallel beam of 
radiation traversing a gas is reduced in intensity, as it travels along, 
according to the function J,=I» exp (—x/L). The quantity L is 
formally equivalent to a mean free path, and may be interpreted as 
the mean free path of the quanta of radiation of which the beam con- 
sists. When a quantum of resonance radiation collides with an atom 
of the same kind as emitted it, it is absorbed, and after a period of 
time T an identical quantum is emitted by the atom, presumably in a 
direction having no fixed relation to the direction from which it came. 
Instead of conceiving of the quantum as traveling with speed c over a 
free path L and remaining for a time 7 in the atom before it starts on 
its next free path, we may conceive of it as traveling with speed L/T 
over a free path L and being deflected instantaneously whenever it 
encounters an atom. If this conception is valid, the region occupied 
by an arc discharge can be considered as a gaseous mixture of vapor 
atoms and of quanta, in which quanta are being generated at a known 
rate by electron impacts and are diffusing away; and the density dis- 
tribution of quanta can be calculated by the methods of the kinetic 
theory of a diffusing gas. In particular, it is possible to calculate 
how long a period will be required for all the quanta to diffuse away 
from the region of the arc, if the supply of new quanta is suddenly 
stopped by removing the applied voltage. This period depends on L 
and 7, and very little is known about either quantity; but at least it 
can be seen to be very much longer than T. The vapors of the arc will 
be full of quanta, and consequently full of atoms in the excited state, 
for an interval after the arc voltage is removed which is very long 
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compared to the interval that any single atom remains in the excited 
state. Hence it is not necessary to conclude that, because excited atoms 
are found in the vapor several thousandths of a second after the arc 
is stopped, an individual atom remains in the excited state for any such 
period. [K. T. Compton, (Princeton), Phil. Mag., 45, pp. 750-760; 
1923.] 


K. K. Darrow 


Anomalous Dispersion Associated with Doublets and Triplets 
in the Spectra of Metallic Vapors.—The index of refraction of a 
vapor at wave length between or near the lines of an absorption triplet 
having wave lengths \,, As, As, and sufficiently far from other absorption 
lines, is a function of wave length of the form 

n? = mo? +4,/ (A? —X1?) +42/(A2—Az”) +43/ (A? —A;”) 

in which a, a2, @3 are constants which, according to the classical theory, 
are proportional to the number of resonators of the wave lengths 
Ai, Az, As occurring in the vapor (in terms of contemporary ideas, they 
may be supposed proportional to the probabilities of the electron 
transitions responsible for the frequencies in question). Maggini has 
determined these constants for triplets of the sharp series of four metals 
belonging to the second column of the periodic table; 5168 of Mg, 
4455 of Ca, an unspecified triplet of Cd, and 4810 of Zn. The phase- 
retardation of a beam of light, sent through an arc between carbons 
with metal filings packed into a cavity of one carbon, was measured by 
the Jamin refractometer. Maggini finds that in these four instances, 
the constants 4, d2, a; stand in geometrical progression, the smallest 
corresponding to the highest-frequency component. The ratio a;/a:= 
a2/a3 appears to be a significant constant of the metal; for when plotted 
against atomic weight, the four values lie on a smooth ascending 
curve; and furthermore the values of a:/a;, previously obtained by 
Schoen for doublets in the principal series of the four metals Na, K, 
Rb, Ag in the first column of the periodic table, lie upon the same curve. 
(It is a2/a, for the doublets which corresponds to a;/ds for the triplets, 
ie. the lowest frequency component of the doublets which has the 
greater effect on the dispersion, instead of the highest frequency com- 
ponent as with the triplets; presumably because the principal series 
corresponds to transitions from p orbits to s orbits, the sharp series to 
transitions of the converse type, from s orbits to p orbits.) [Maggini 
(Catania) Nuovo Cimento (6), 24, pp. 181-201; 1923.] 


K. K. Darrow 
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AN EXTENSOMETER AMPLIFIER 


By S. R. WILLIAMs 


It seems to be current among physicists that, if one wishes to measure 
very small changes in length, an interferometer is the most sensitive 
method available. In measuring the changes in length of steel rods due 
to a magnetic field it has been found that a combination of mechanical 
and optical levers affords a very delicate means for detecting these 
minute changes in length. While the apparatus has not been pushed 
to its limit it still affords a greater refinement of measurement than 
does the ordinary set-up of the interferometer, the latter giving a 
sensibility of about one-tenth of a wave-length while the apparatus 
to be described has shown great steadiness when indicating one-sixtieth 
of a wave-length of sodium light for each millimeter deflection. This 
latter sensibility was attained with heavy machinery running in the 
building while taking observations. In this connection it has been 
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found also that piers, floated on sand and free from the floor, still show 
much more annoying disturbances than do the heavy outside bearing 
walls of a good sized building, as is the average physics laboratory. 
The indications of this amplifier are much steadier when attached to 
an outside bearing wall than when placed on the best of built piers. 
This experience has been verified in two different laboratories and may 
be of value to those contemplating the building of expensive piers for 
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laboratory purposes. The periods of vibration of the piers are nearer 
those of the average pieces of sensitive apparatus used than are the 
periods of the walls of the building and hence the latter’s effect is less 
pronounced. 

In Fig. 1 is shown a diagram of the device for multiplying the effect 
of any linear displacement. A square brass rod, L, 0.5 0.5 18 cm is 
the mechanical lever whose fulcrum is a fine steel cambric needle, N, 
passing through L and resting in the slot V of the fixed support 7. 


\ 
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The virtue of this type of fulcrum is its rigidity to lateral displacements. 
At K isa slot in L in which rests a knife-edge which forms a part of the 
stirrup shown in Fig. 2. This stirrup is attached to whatever it is 
desired to measure the change in length. At the outer end of the 
lever, a fine hole, H, is bored vertically through the brass rod so that the 
mechanical advantage of the lever is six. Through the small hole a 
strip of fine phosphor-bronze ribbon is dropped and which passes 
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around a brass roller, R. The phosphor-bronze strip passes 
around the roller on a reduced section of the roller and which is very 
carefully turned to uniformity of cross-section. To keep the phosphor- 
bronze strip taut, a small weight, W, is hooked onto the lower end of the 
same. A concave mirror, M, is attached to the roller, R, and as the 
point, H, moves up and down due to the motion of K the mirror is 
tipped and so the deflection may be read off from the spot of light 
reflected from the mirror. Agate bearings are spun in the ends of the 
roller, into which steel cones fit that have been turned on the ends of the 
screws S, and S,. These give very great freedom to the rotation of the 
roller. 

In calibrating the amplifier, a cord is 
attached to the stirrup and passed over 
a pulley to the table of a comparator. 
The distance the table of the compara- 
tor moves in one complete rotation of 
the roller gives a very accurate measure 
of the circumference of the roller from 
which the multiplication factor may be 
obtained which converts the actual 
deflections of the spot of light into 
elongations of the materials measured. 

An outfit in use at present has a 
multiplication factor of 65000 and Fic. 3 
could be pushed for certain types of 





work to a greater value. Fig. 3 shows the completed outfit. 
Through the courtesy of Professor R. A. Millikan, Director of the 
Norman Bridge Laboratory of Physics, it was possible to have built 
in the shops of that laboratory an outfit of precision as has just been 
described. This extensometer has been found to work very satisfac- 
torily. 
PHYSICAL LABORATORY, 


OBERLIN COLLEGE, 
OBERLIN, OHIO. 


The Coincidence Method for the Wave Length Measurement of 
Absorption Bands.—A knowledge of the mean wave length of an 
absorption band (the wave length midway between the apparent edges 
of the band) is important, particularly when the band is symmetrical 
and when the object of the experiment is to determine the shift of a 
given band under various conditions (such as temperature, concentra- 
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tion of solution, etc.). Accurate measurements of the mean wave length 
of such bands with an ordinary spectroscope is difficult whether one 
attempts to set the cross wire in coincidence with the center of the 
band, in which case the eye has to subdivide an almost uniform area 
of considerable breadth; or measures the indefinite margins and takes 
the mid-position, in which case it is found that individual readings 
differ greatly from one another. 

In order to increase the precision with which mean wave lengths 
may be determined, the author has devised an apparatus which makes 
use of the coincidence method. The parallel light from one half of a 
collimating lens is allowed to fall at an angle of incidence 6 on a trans- 
mission grating. Light from the other half of the lens after reflection 
from a mirror falls on the grating at an angle, approximately — 9, 
which can be varied by tilting the mirror. The spectrum of order +1 
from one half of the mirror thus coincides with the spectrum of order 
—1 from the other half of the mirror, the short wave length edge of one 
spectrum falling upon the long wave length edge of the other. Two 
oppositely directed wedges of small angle placed respectively over 
each half of the collimating lens place the spectra not in superposition 
but one above the other. While one spectrum remains fixed, the posi- 
tion of the one reflected from the mirror can be shifted laterally by 
tilting the mirror by a micrometer screw which may be graduated in 
wave lengths corresponding to coincidence of homologous parts of the 
two spectra. The calibration is effected by observing coincidences of 
sharp, known lines. An ingenious “slow motion’ shifting device is 
obtained by a thin plane-parallel glass plate in the collimating tube. 
When this plate is turned about an axis parallel to the slit, a slight 
effective shift of the slit is obtained which displaces the two spectra in 
opposite directions by an amount depending on the angle through which 
the plate is turned. 

To determine the position of mean wave length of an absorption 
band it is then necessary only to bring the band as seen in one spectrum 
into coincidence with the same band seen in the other, and read the 
micrometer. This setting can be made with a much higher precision 
than the setting of a cross wire on the middle of the band. Thus the 
author locates the mean wave length of the a-band of oxyhaemoglobin 
at 5769+1 A. The method is sufficiently accurate, after proper cali- 
bration, to determine the relative amounts of oxyhaemoglobin and 
carbon monoxide haemoglobin in blood to within one per cent by 
measuring the shift in the absorption bands due to the varying propor- 
tions of the two substances, a measurement qualitatively observable, 
but quantitatively immeasurable by the ordinary spectroscope. 

Sources of error and probable accuracy are discussed. [H. Hartridge, 
Proc. Roy. Soc., Series A, 102, p. 575; Feb. 1923.] 


F. K. RIcHTMYER 











MODIFIED McLEOD GAUGE 
By Donan L. Hay 


At times considerable difficulty is experienced with the ordinary 
type of McLeod gauge with a rubber tube connection between the bulb 
and mercury reservoir due to contamination of the mercury with 
sulphur and other impurities contained in the rubber and consequent 
sticking of the mercury in the capillary from the black deposit thus 
produced. 

The arrangement shown herewith does away 
with the rubber connections and has been found to 
be very satisfactory in operation. It consists of the 
usual straight tube extending directly downwards 
from the bulb of the gauge, but instead of the usual 
return bend and hose connection a bulb of the form 
shown is placed directly around this tube. The 
tube projecting out of the bottom of the mercury 
reservoir must be sufficiently long to allow all the 
motion necessary to raise the mercury level from the 
bottom of the bulb up into the capillary tube. 
The motion required for the reservoir is always 
somewhat greater than the change in the mercury 
level in the gauge, since the level in the reservoir 
falls as the container is raised. 

With reasonable care in the construction and 
operation of this gauge no trouble is experienced 
from air entering the bulb from the mercury reservoir. 

It is found most convenient to mount the reservoir 
in a frame which slides in vertical guides with an 
adjustable screw stop to adjust the mercury level 
at the upper position. It also is found convenient 
to counter-weight the reservoir. 

To keep dust and dirt out, the top of the reservoir may be closed by 
a piece of felt through which the small tube passes. 


UNIVERSITY OF WISCONSIN, 
MAptIson, WISCONSIN. 











Modified McLeod 
Gauge. 
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International Union of Pure and Applied Chemistry: Bureau 
of Physicochemical Standards.—The function of the Bureau of 
Physicochemical Standards, established by the International Union 
of Pure and Applied Chemistry at the University of Brussels, is the 
study of the preparation of standard substances to be used as refer- 
ence substances for physicochemical measurements carried out in the 
various laboratories of the world. Samples of the following standard 
substances are now available for distribution to the chemists of those 
countries belonging to the Union. 

A. Standard substances prepared at Brussels and intended primarily 
for the calibration of low temperature thermometers. 

The freezing points of the following substances reproduce to +0.1°, 
the scale of the helium thermometer of the Cryogenic Laboratory of 
the University of Leyden (Compt. rend. 174, p. 365; 1922). 

Carbon tetrachloride... .. . . .eee 22.9°C 
CII. hae sk oui ee io eee 
Chloroform er — 63. 
EE FS 
Carbon disulphide ed) | | 
Ether (stable form)................—116. 
Ether (metastable form)... . — 123. 
Methylcyclohexane —126.; 

Fifty cc samples of each of these substances are available at 25 
Belgian francs per sample. All orders should be addressed directly 
to the Bureau. 

Other materials are in course of preparation. 

B. Supplementing the preparations of the Bureau are the following 
standard materials prepared by the U. S. Bureau of Standards at 
Washington and obtainable directly from that Bureau (Bureau of 
Standards Circular No. 25): Cane-sugar, for calorimetry and sacchari- 
metry; naphthalene, for calorimetry; benzoic acid, for calorimetry; 
sodium oxalate, for oxidimetry; dextrose, for use as a reducing agent; 
benzoic acid, for acidimetry; tin, zinc, aluminum, copper, and lead, 
with stated melting point, for use in thermocouple calibration. 

All of the above standard samples are accompanied by instructions 
for use. 

The Bureau of Physicochemical Standards plans to act as a 
center for the study of pure materials and it requests that authors of 
papers in this field send reprints of their papers to the Bureau. It 
also hopes that industrial organizations may be willing to contribute 
to the Bureau materials which may be used as the starting point for the 
preparation of highly purified substances. 


NATIONAL RESEARCH COUNCIL 





REFLECTION AND TRANSMISSION BY PARALLEL PLATES 
By Frank BENFORD 


INTRODUCTION 


During an investigation of the characteristics of a reflectometer, it 
seemed desirable to have a series of specular reflecting surfaces as 
standards and in order to get such a series the expedient of using 
one, two, three and four cover glasses was tried. The results were high- 
ly satisfactory so far as the internal evidence of the test showed. The 
glass had a perceptable green tinge and it was evident that the absorp- 
tion of light in the glass should be taken into account. 

A short and fruitless search was made though contemporary literature 
for the formulae for computing the various percentages of reflection. 
The nearest approach was found in Mascart’s Traite D’Optique, where 
the general rules for both transmission and reflection are given in very 
concise forms, but these forms are nearly useless for the present pur- 
pose where there is a perceptible loss of light through absorption. This 
is particularly true when a large number of plates are used, for then 


part of the light has a long path between faces near the two outer plates 
of the pile. 


GENERAL METHOD 


A single surface produces from one of the polarization components a 
single reflected ray r' and a single refracted ray (1—r'), but if another 
surface is added there arises an infinite series of rays passing backward 
and forward between the surfaces. At each point of contact a fraction 
of the light escapes and if in the direction of the original ray it is called 
part of the transmitted light; if in the backward direction, it is part of 
the reflected light. There is thus an infinite series of reflected rays, of 
internally reflected rays and of transmitted rays. The addition of a 
third surface will produce a new infinite series for each individual 
transmitted ray. To avoid the difficulties here indicated the trans- 
mitted and reflected light may be summed up and considered as single 
rays. Also the two surfaces of a plate may be known by their combined 
action. The equations given later are developed by a process of combin- 
ing individual rays at each step and adding one plate at a time until the 
general equations for transmission and reflection may be induced. 
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REFLECTION FROM A SINGLE REFRACTING SURFACE 


Fresnel gave as the law of reflection from an isotropic surface 
R=\% (= (a —2))'+ (= (a —®)'| 
sin (a+g) tan (a+g) 
a=angle of incidence 
g=angle of refraction 
The angles a and g are related by Snell’s law 
sin a=n sin g (2) 
where » is the refractive index of the surface as compared to that of air. 
The sine terms in equation (1) represent one component of the light, 
while the other represents the perpendicular component. In the 
equations that follow these components are treated individually 
throughout, and they are combined only in the final summation of 


transmited or reflected light. 
We have, therefore, 


: (= wey 
Me Seg: emer 
sin (a+g) 
r'' ae (= (a —©) 
tan (a+g) 
for the two components, of which r’ increases from a minimum at 
a=0°to unity at a=90°, whiler’’ decreases from the same minimum at 


a=0° to zero at the angle where a+g=90°, [tan (a+) =infinity at 
the polarizing angle] and then increases to unity at 90°. 


TRANSMISSION THROUGH A SINGLE SURFACE 


The two components of the transmission are obviously the unreflected 
portion of the light, or 
! =l—r’ (5) 
and t’ =l—r"’ (6) 
As a matter of convenience, the prime marks will be dropped here, 
with the understanding that the equations following must be used 
for each component independently, and noattempt should be made to 
combine them until the final equation in each series is solved. 


TRANSMISSION THROUGH ONE PLATE 


Most plates are absorbing, so that the light in passing through a 
single time normal to the surface will be reduced by a fraction /.. 
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Light passing through at an angle g will be reduced by absorption to a 
smaller value 

p = po * (7) 

In Fig. 1 a ray of intensity 1 incident at point P, is divided into a 

reflected component r and a transmitted component (1—r). This 

latter ray is reduced by the absorption factor p in reaching the point P2 

on the second surface and there has an intensity of (/—r)p. At Pra 


r b-rfrp* ¢ 4 orytr’p® 


Shab 
pies 


(-r¥p wrt (frp? 











Fic. 1. The arrows indicate the series of reflected and refracted rays generated from a single 
incident ray. 


second division takes place. A ray of intensity (/—r)’p is transmitted 
and the other part has an intensity of (/—r) r p? upon reaching P; 
on the first surface. 
The sum of all the transmitted rays at P2, Ps, Pe, etc., is 
T,=(1—r)*p+(U1—r)* Pp? +(1—1r)? rp? + — — 
. (l—r)*p 





= (8 
1—r’p’ 8) 


which is the desired expression for the transmission through a single 
plate. 


REFLECTION From ONE PLATE 


The sum of the reflected ray at P; and the refracted rays at Ps, Ps, 
etc. gives the total reflection by the plate. From Fig. 1, we have 
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R,=r+(U1 —r) rp? + (1 —r)* pt+(1 —r)? rpe+——- — 


a a 
aoa r) cf (9) 
1—r* p* 
or by combining with equation (8) 
R,=r (1+ Tip) (10) 


It should be noted that 7+, is not equal to unity except in the the- 
oretical case of p=1. 


TRANSMISSION THROUGH Two PLATES 


A single plate transmits an infinite series of rays whose sum is 
given by equation (8). In dealing with two parallel plates we may 
consider all the transmitted light from the first plate, Fig. 1, to be 


Fath MP « 


val 
a 


Fic. 2. Each arrow indicates the sum of an infinile series of rays produced jointly by the two 
surfaces of a single plate. 














combined into a single ray of intensity 7,, Fig. 2. Similarly all the 
reflected rays from the first plate may be combined into a single ray of 
strength R,, Fig. 2. 

In Fig. 2, the combined ray transmitted through the point P, on the 
first plate has a strength of 7, when incident on the second plate, and a 
strength 7,* after passing point P:. The reflected rays at the second 
surface, when summed up for the entire infinite series, have a strength 
T,R,, and this series also may be considered as being combined into a 
single ray. The transmission of this combined ray through the first 
plate at P; reduces its intensity to T,’R,. 
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The sum of all transmitted rays at P2, Ps, etc. gives the total trans- 
mission through two plates 
T2=T?+T7/R?+T/R*+ — — - 











T? 
— (11 
I—R; 
REFLECTION From Two PLATES 
The sum of all reflected light from P,, P3, Ps, etc., Fig. 2 is 
R2=R,+TPRit+TP@Rit+T Rit a at 
2 
«Kite (12) 
1—R? 
or, by substitution from equation (11) 
R.=R, (1+ T.) (13) 
{ 2 2 
7 R, TR, TRR, 
& .’s 





a 9 
\\ / wed 
ce 


TR RT, 


vee 
Fic. 3. Two plates are here used as a unit and a third plate added, 








TRANSMISSION THROUGH THREE PLATES 


Consider two of the plates combined to give a net single transmitted 
ray of intensity 7, as determined by equation (11) and a single reflected 
ray of intensity Re, given by equations (12) or (13). 

In Fig. 3 the ray incident at P; has an intensity 7, after passing 
through the two upper plates, and an intensity of 7:7, after passing 
through the third plate at P,. The reflected ray at this point has an 
intensity of T:R; and after reflection at the pair of plates at P; the 
intensity is 7,R:R:. The transmitted ray at P, has an intensity of 
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T:R:R2T, giving the factors as they are introduced in tracing the ray 
from P, to P,. 
The sum of the transmitted light is 
“3 =7,T2+T7,T2Ri:R2+T,T2RYRZ+ — — - 


TT. 
=_———— 14) 
1—R,R, 
REFLECTION FrRoM THREE PLATES 
Summing up all reflected rays, Fig. 3, we get 
R; =R.+ T?R,+T2RPRo+ ay ate 
T?R 
a we 5 ; 
1—R,R,2 (15) 


or, if we solve for a single plate plus a pair, that is reversing the com- 
bination of plates in Fig. 3, we get 
TPR: 


R:=Ri+i-RR, (16) 


TRANSMISSION THROUGH FouR PLATES 


There are three possible ways of grouping four plates that is, 3 and 1, 
2 and 2, 1 and 3, and an analysis of these three ways leads to two useful 
generalizations. 

The 3 and 1 combination gives a first transmitted ray 737, a second 
transmitted ray 7;R,R;7T, and a third transmitted ray 7;R,R3Ri R37, 
etc. The intensity of the transmitted ray is therefore 

T,=T3T,+T73TiRiR3+TsT RYRZ + — — 
. as 
1—R,R; (17) 
If the 1 and 3 arrangement is used we get the same equation for ob- 
viously the order of the symbols, such as given for the third transmitted 
ray above, does not alter their combined value. 
The 2 and 2 combination gives the useful form 
T? 


T-TR 


(18) 


REFLECTION From Four PLATES 


From the 3 and 1 combination in Fig. 4, we find 
Ry=Rs+T?Ri+T2RiRs+ aaa 
TPR, 
1—R,R; (19) 


=R;+ 








0! 
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and we can alter the subscripts to conform to a 1 and 3 combination of 
plates and get 





TPR: 
| ee ed Se 
1—RiR; (20) 
of for the 2 and 2 arrangement 
T?R: 
R,=R:+——. 
1 —R-,? (21) 
and combining with equation (18) we find 
Ry =R.(1+-T,) (22) 





a te ee an 
—————_—= 


aN ag Nv 
: 


+ as TT, RERE 


Fic. 4. The above combination of three plates plus one plate might have been arranged as two 
plus two or one plus three, whichever seemed most convenient for computation. 











TRANSMISSION THROUGH n PLATES 


The form of expression when solving for 1 plus 1, 2 plus 1, and 3 plus 1 

plates allows us to induce the general relation 

1.- Teele 
i—R,,R, us 
where a is any number less than », and from the 1 and 1 and the 2 and 2 
combinations we can write for even values of m the following very useful 
form 
2 
y, (24) 
= n/2 
REFLECTION FROM n PLATES 


By induction from equations (12), (15), and (19) we get for n 
plates 


To? R, 
i R,..R, 


R,=R,..+ (25) 
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and if » is an even number 
Eye 
= 
R,= a —R? 
2 
=R, 2 (I1+T,) (26) 
For experimental purposes a series of 1, 2, 4, 8, etc. gives a better range 
of coefficients than almost any other and equations (24) and (26) 
should therefore be very useful. 





SELECTION OF PLATES 


It might be suggested that a direct formula for m plates in terms of 
r and p would be of service, but if the equations are expanded in terms 
of these factors they become almost hopelessly complicated, and it 
therefore seems best to solve for any given number of plates by a 
step-by-step solution. Thus 5 plates might be computed by using 
the following order: 

1. Compute 1 plate by equations (8) and (10) 

2. Compute 1+1=2 plates by equations (24) and (26) 

3. Compute 2+2=4 plates by equations (24) and (26) 

4. Compute 4+1=5 plates by equations (23) and (25) 
The solution for 16 plates is: 
. Compute 1 plate by equations (8) and (10) 
. Compute 2 plates by equations (24) and (26) 
. Computed 4 plates by equations (24) and (26) 
. Computed 8 plates by equations (24) and (26) 
. Compute 16 plates by equations (24) and (26) 

The number of operations required in solving for sixteen plates is 
only slightly greater than just outlined for five, and therefore a larger 
range of coefficients may be obtained with equal accuracy. 


nF wo nN 


EFFECT OF COLOR IN PLATES 


There is one phenomenon connected with the use of a large number 
of plates that calls for special attention. If we deal with practically 
monochromatic light the equations involving high powers of p are 
exact; or if the transmission factor p is the same for all visible wave 
lengths, no error is involved, but if this factor varies greatly in different 
parts of the visible spectrum then the average transmission does not 
follow the order, p, p?, p® for one, two and three thicknesses. As an 
example, let us take the simple case of light composed of only two 
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wave lengths for one of which p is 0.7 and 0.9 for the other. The 
average is 0.8 for one thickness, but for two thicknesses the average is 
14(0.77+0.9") =0.65 and not the square of the average 0.8? =0.64. For 
three thicknesses the averages are 0.536 against 0.512 and for four 
thicknesses 0.4481 agairst 0.4096. As a result measurements of the 
coeficients of reflection and transmission will be higher than the 
computed values using the average transmission factor 0.8. It is there- 
fore important to have the glass either extremely clear and free from 
color, or of a uniform or neutral spectro-transmission. 
[ILLUMINATING ENGINEERING LABORATORY, 


GENERAL E.ectric Co., 
SCHENECTADY, N. Y. 


Rochester Section of the Optical Society of America.—The 
Rochester Section of the Optical Society of America was founded at 
the same time as the Society itself and has been very active ever since 
its formation. The meeting of the Society held in Rochester in Octo- 
ber, 1921, will be remembered by all who attended. 

There are in Rochester three other scientific societies: the local sec- 
tion of the American Chemical Society, the Rochester Academy of 
Sciences, and the Rochester Engineering Society, all of which hold 
frequent meetings addressed by local and out of town speakers. In 
order to avoid clashing and to assist in the preparation of programs of 
the highest quality, the program secretaries of these societies meet and 
make arrangements for their meetings in harmony at the beginning of 
the session, so that during the past winter the Rochester Section of the 
Optical Society has met in joint meetings both with the American 
Chemical S ociety and with the Rochester Academy of Sciences. Meet- 
ings shared with the Chemical Society were addressed by Professor 
Harvey of Princeton, who gave at Rochester the first public lecture he 
has given with regard to the work on animal luminescence, in which he 
dealt with the oxidation of luciferin in the presence of its enzyme, 
luciferace. Dr. F. E. Wright of the Geophysical Laboratory, Washing- 
ton, addressed a joint meeting of the three societies on the role of experi- 
ment in geology, and Professor H. N. Russell of Princeton University 
lectured on atomic theory and astrophysics to a joint meeting of the 
Rochester Academy of Sciences and the Optical Society. Other speak- 
ers from out of town during the past year have been Dr. Luckiesh of the 
Nela Research Laboratories, who dealt with visual illusions; Mr. E. D. 
Tillyer of the American Optical Company on bi-focal lenses; and Dr. 
Foote of the Bureau of Standards, who spoke on the alchemists. A num- 
ber of meetings were addressed by local speakers, including Dr. Kellner 
and Mr. Kurtz of the Bausch and Lomb Optical Company, and Dr. 
Mees, Mr. L.A. Jones, and Mr. Newton of the Eastman Kodak Company. 
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The new officers and council of the Society elected for 1923-1924 at 
the annual meeting were as follows: 
PRESIDENT: Mr. Henry F. Kurtz 
Vice PRESIDENT: Mr. R. B. Wilsey 
SEcRETARY: Mr. J. W. Forrest 
TREASURER: Mr. W. E. Crossett 
Councitors AT Larce: Dr. C. E. K. Mees, Dr. Herman Kellner, Mr. A. J. Newton, 
Mr. W. B. Rayton, Mr. L. A. Jones. 


The membership of the Section now totals ninety members. 
The following is the complete program of meetings during the past 
fiscal year. 
October 16, 1922. (With American Chemical Society 
Prof. E. Newton Harvey, Biology Department, Princeton University. 
“Animal Luminescence.” 
November 7, 1922. 
Dr. C. E. K. Mees, Director, Research Laboratory, Eastman Kodak Company. 
Some Recent Advances in Photographic Theory. 
November 28, 1922. 
Mr. Henry F. Kurtz, Scientific Bureau, Bausch & Lomb Optical Co. 
The Dioptrometer, and Apparatus for Measuring the Power of Commercial Lenses. 
December 14, 1922. (With Rochester Academy of Sciences 
Prof. Henry N. Russell, Director, Princeton University Observatory. 
Atomic Theory and Astrophysics. 
January 8, 1°23. (With American Chemical Society 
Dr. C. E. K. Mees, Director Research Laboratory, Eastman Kodak Company. 
Motion Picture Photography for the Amateur. 
January 23, 1923. 
Dr. Herman Kellner, Director, Scientific Bureau, Bausch & Lomb Optical Co. 
A Motion Analyser. 
February 19, 1923. (With American Chemical Society 
Dr. Frederick E. Wright, Geophysical Laboratory, Carnegie Institute. 
The Role of Experiment in Geology. 
February 27, 1923. 
Dr. M. Luckiesh, Director Applied Science, Nela Research Laboratories 
Visual Illusions, Their Causes, Characteristics and Applications. 
March 13, 1923. 
Dr. Herman Kellner, Scientific Bureau, Bausch & Lomb Optical Co. 
Condensers. 
March 27, 1923. 
Mr. A. J. Newton, Photo-Engraving Department, Ea:tman Kodak Company. 
Present Tendencies in Reproduction of Illustrations. 
April 10, 1923. 
Mr. E. D. Tillyer, Physical Optics Division, American Optical Company 
A Discussion of the Properties of Bifocal Lenses. 
April 24, 1923. 
Mr. L. A. Jones, Physicist, Research Laboratory, Eastman Kodak Company. 
The Influence of Time and Intensity upon Exposure of Photographic Materials. 
May 15, 1923. 
Dr. Paul D. Foote, Physicist, Bureau of Standards, Washington. 
The Alchemist. 
May 22, 1923. Business Meeting and Annual Dinner. 





A SPARK GAP WITH AIR-COOLED ELECTRODES 
By W. T. Bovis 


In order to overcome the difficulties arising through the heating of 
electrodes between which a powerful spark was passed the apparatus 
herewith described has been devised. The idea may not be new, but a 
considerable acquaintance with the literature and with laboratory and 
other practice has made it evident that even if the principle has been 
employed it has not attracted attention. The operation of the appa- 
ratus is So positive, so under control and so satisfactory in all respects 
that no apology is offered for presenting it. 

The fundamental principle is that the spark is formed between the 
edges of two rotating disks, thus distributing the heating effects over 
the whole circumference of the disks, at the same time affording ample 
surface for radiation. 

The apparatus consists of two “yokes” of similar form, each con- 
structed as follows: 

A basal plate of brass (p) carries a U-Shaped strip of brass (a) to 
which are attached the brushes (/), and blocks of hard rubber (0) 
attached at either end. It has also a binding post (c) for the leads. 
Through the hard rubber blocks pass large screws (d, d’) with steel 
cone bearings at their inner ends. One of these (d’) is hollow and has a 
tapered outer end to receive a rubber tube. The other, (d) terminates 
outwardly, with a milled head for adjustment. Both of these screws 
are provided with set-screws (e). Held between the large screws is the 
rotating axle (f) of hard bronze, with female conical bearings. The 
axle is hollow at one end, the cavity communicating with two tubes, 
(g, g) so bent as to form an air turbine on the principle of Barker’s mill. 
The outer end of the screw (d’) is connected by a rubber tube with the 
laboratory compressed air line. Air, under pressure, passes through 
the hollow screw into the hollow-shaft and escaping through the bent 
tubes (g, g) causes the shaft to rotate rapidly. In the center, the 
washerlike electrodes (4), (in our case of magnesium or cadmium) 
are clamped to the axle between a fixed and a movable () disk. 

At the side of the axle away from the air turbine are the brushes (/). 
These are supported by the brass strips (a) heretofore described, and 
approach closely though they do not actually touch the axle. Each 
has a screw (m) bearing on the base-plate, by which the width of the 
air gap between the brushes and the axle can be regulated. 
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In operation, the two yokes are arranged in reverse position as to 
right and left and to up and down. As a consequence of this the air 
stream from the air turbine on each shaft assists in keeping cool the 
brushes and shaft in the other yoke, which both contribute very 
materially to the cooling of the electrodes. 








Spark gap with air-cooled electrodes. 


The yokes are held on a support (made by Zeiss) provided with a 
milled head R which moves the spark gap up and down, and a milled 
head (S) which regulates the distance between the electrodes. 

In operation the rotation is very smooth as the power is self-contained 
and the parts are balanced. The gap can be operated continuously 


Nov., 1923 Arr-COOLED SPARK GAP 1029 


with very large currents. Since the electrodes do not become over- 
heated there is no tendency for the spark discharge to change to an arc 
discharge and moreover, the intensity of the spark is very constant— 
a feature of paramount importance in the work for which the gap 
was designed. 

BiopHysics LABORATORY, 


HARVARD UNIVERSITY, 
CAMBRIDGE, MAss. 


Problems of Modern Science. Edited by Arthur Dendy, D. Sc., 
F. R. S. Fellow of King’s College and Professor of Zoology in the 
University of London. 236 pages. Henry Holt and Company, 
New York. 


This volume presents in book form a series of eight public lectures 
delivered during the spring term of the year 1920-21 by members of the 
Faculty of King’s College, London. ‘The intention of the organizers 
of the course was to place before the public the present position with 
regard to the advancement of science in some of its main branches, 
and to point out the directions in which progress is actually being made, 
or may be hoped for, in the future.” 

The subjects covered, one lecture each, are Mathematics, by Pro- 
fessor J. W. Nicholson; Astronomy, by Professor J. B. Dale; Physics, 
by Professor O. W. Richardson; Organic Chemistry, by Professor S. 
Smiles; Biology, by Professor Arthur Dendy; Botany, by Professor 
R. Ruggles Gates; Physiology, by Professor W. D. Halliburton; and 
Anatomy, by Professor E. Barklay-Smith. 

It is impossible- to give a complete review of the contents of the 
volume, since each lecture is itself a condensed summary of a whole 
subject or a substantial part thereof. In arranging the course no 
uniformity of style was attempted. Yet each lecture—even the one on 
Mathematics !—presents the material in such form that it can be readily 
appreciated by the lay reader. While all the lectures make delightfully 
instructive reading one must particularly mention the excellence of the 
lectures on Astronomy and on Physiology. The latter, alone, is worth 
the price of the entire book. 

A valuable feature of the book is the frequent reference, in some 
cases by inference rather than directly, which the several authors make 
to the philosophical aspects of scientific research. Altogether, no better 
composite picture of modern research, and of its importance to the 
human race has yet appeared. We need more books of this kind. 

F. K. RICHTMYER 
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Atomic Theories. By F. H. Loring. ix+218 pages, including 
66 Figures. E. P. Dutton & Company, New York. $5.00. 


A new book on Atomic Structure is always welcomed, if for no other 
reason than that it brings up to date—to date of publication at least— 
this very rapidly developing subject. The present volume is the result 
of an attempt “to give the leading facts and theories which relate to 
the Atom, particularly those which have not yet been treated at any 
length in text-books owing to their newness.” The subject matter is 
divided into twenty-four rather short chapters, and eight appendices. 
Numerous references are given to original articles and other books. 

Judging from the order of presentation, the relative emphasis on the 
Lewis-Langmuir theory as compared with the Rutherford-Bohr theory, 
and such statements as “‘z is, of course, the ratio of the diameter of a 
circle to its circumference = 3.14159” (page 60), the volume is appar- 
ently written from the standpoint of and for the chemist rather than the 
physicist. For example, as much space (two pages) is devoted to 
explaining the meaning of negative indices (e.g. 75 x 10") as is devoted 
to the entire subject of photoelectricity! 

After a few chapters on introductory phenomena, such as “Atomic 
Weights and Whole Number Isotopes,” “Sub-Atomic Phenomena,” 
“K and L Series of Lines by X-Ray Analysis,” three short chapters are 
devoted to the Rutherford-Bohr atom and the quantum theory. Then, 
after a very brief discussion on the photoelectric effect, the Zeeman 
effect, Ionization, and ‘‘Views Concerning Radiation” come six chapters 
on the Lewis-Langmuir theory and its ramifications. The closing chap- 
ters include such subjects as ““The Energy of the Atom,” ““The Brownian 
Movement,” “‘Magnetic Susceptibilities of the Elements,” and “Sir 
J. J. Thomson’s views on Matter, Mass, and Radiation.” 

F. K. RicHTMyer 








* 
/ 





LIFE TESTING OF MECHANICAL INSTRUMENTS! 
By FREDERICK J. SCHLINK 


The life testing of measuring instruments and devices is a matter 
which becomes of increasing importance under mass production of such 
apparatus. When but a few instruments of a type are made, the 
return is not ordinarily large enough to warrant the expenditure of 
any great outlay on studies of operating life and the causes which may 
contribute to increasing such life. Usually such causes are determined 
only by observations made on successive failed instruments of the same 
or similar construction; in the very nature of the case, this is a slow and 
inefficient process, as the number of operations or the effective net 
time of use up to failure, can hardly ever be satisfactorily determined 
under service conditions. Moreover, it is practically impossible to pro- 
vide for continuity of study of such observations on account of the 
long period of time and personnel changes over which they will be 
extended. 

With increasing large scale production of common measuring instru- 
ments, such as pressure gages, thermometers, ammeters, voltmeters 
and watt hour meters, coupled with extensive use of such devices in 
connection with millions of automobiles, household utensils, and the 
like, in everyday use,—the matter of studying the life of such instru- 
ments and other more specialized sorts, becomes a matter of first 
importance. To double the life of an instrument made by the millions 
annually, may be the means of saving capital charges and maintenance 
and field inspection costs enough to equip and man a considerable 
laboratory. Such testing frequently develops unexpected means of 
protecting an instrument from the effects of wear or abuse or of improv- 
ing its service accuracy; and such by-products will often pay for the 
whole cost of the work. In the extensive telephone plant of the country, 
the savings in replacement costs and repair charges to be obtained by 
preliminary life test of apparatus and small parts made literally by 
tens of millions, are naturally enormous; in many other cases, though 
the apparatus is not under such close and continuous observation and 
supervision, not being employed in such concentrated units, the savings 

1 Prepared by the author as part of a report of the American Society of Mechanical 


Engineers’ Special Research Committee on the Permanency and Accuracy of Engineering 
Instruments. Published by permission of A. S. M. E. 
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though necessarily not so clearly demonstrable are relatively just as 
great. 

The importance of this subject will be more and more in evidence as 
the number of instruments made in great quantities, like alarm clocks, 
tire pressure gages, household and commercial scales and balances, 
common electrical measuring instruments, telephone and radio tele- 
phone apparatus, and other familiar items, continue to increase in 
number and importance in our daily life. Examples are familiar to 
all of us where such instruments fall very far short of attaining the 
life one might reasonably expect, and where little or no effort is being 
devoted by manufacturers to determining and correcting the causes 
of the premature failures. 

The purpose of life testing is obviously to predetermine, usually in 
the shortest practicable space of time, the character of service the 
device under investigation will afford after a stated period of actual 
use, and the probable extent of its useful life under the actual conditions 
of use, such conditions of use being approximated, so far as feasible, by 
setting up an average or normal manner of operation or “loading”’ or a 
representative extreme condition, depending upon whether the test is 
to determine the normal or minimum service life and performance. In 
the former case, the instrument may have to meet a requirement that 
under all specified conditions of service, an average service life of a 
certain period must be attained, while in the latter case, it may be 
required that under the most severe conditions of use or the most severe 
combination of such conditions, falling within the limits permitted by 
the specifications as to service, none of the instruments shall fail. 
Failure may be defined to suit the requirements of the particular 
case in question, as complete effective cessation of the intended func- 
tions of the device,—or quality of performance of the intended function 
falling without certain established limits of accuracy or sensitivity. 
For example, in the case of a stroke or revolution counter, failure may 
be determined as the point of life at which coordinated advance of the 
counting units definitely ceases (and such failure can normally be 
detected by simple observation) while in the case of a pressure gage, the 
indication of pressure, to be of value, must be at all times maintained 
within certain more or less restricted limits of accuracy. The parts of 
a telephone calling dial after years of service must not only operate 
mechanically when the dial is actuated, but must continue to perform 
their coordinated function of interrupting and re-establishing the line 
current within certain limits as to time interval between successive 
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interruptions and the ratio of the open-circuit time to the closed- 
circuit time. Naturally, the more complex the functions of the device, 
the more difficult it will be to set up testing conditions which rationally 
and correctly represent in a demonstrable manner, either average or 
extreme conditions of service. 

SELECTION OF SPECIMENS FOR TEsT. The proper selection of the 
instrument for test is most important; samples submitted by a manu- 
facturer especially for examination are likely to be far from representa- 
tive of the regular product, even though there is no definite intention 
to make a special selection of such samples. In general, it may be 
said that the cost of life testing of apparatus is high enough to warrant 
the purchase of test specimens on the open market, or their selection by 
the purchaser by random choice from the makers’ stock shelves. It 
is better for all concerned that the sample be neither worse nor better 
than the ordinary run of production, for if it is decidedly better, the 
results of its test may set up specifications and tolerances which the 
maker will have difficulty meeting in quantity offerings; whereas, if 
the test sample is below normal, general condemnation of the product 
may of course follow. 

Nevertheless, even if samples known with certainty to be representa- 
tive are not available, life testing may be proceeded with with reason- 
able assurance of developing valuable information, for the life test is 
pretty sure to bring to light hidden weaknesses and defects and to 
develop, by comparison with other instruments, points in which a 
given instrument is definitely superior. 

PREPARATION FOR TEST. The test should be started with the instru- 
ment clean, and lubricated in about the manner and amount that 
may be expected to characterize the regular stock of instruments of the 
same type at the time of their being put into service. It is practically 
impossible except in the case of continuously lubricated apparatus, and 
such are rare in the field of measuring instruments, to provide during 
a life test, lubrication of the same characteristics as that typifying 
service life. In the case of such an instrument as a time switch, or a 
telephone calling dial, re-oiling in service may be specified, to be done 
at definite time intervals, say once every two years. In such cases of 
course, re-oiling during life test would be done at intervals of operation 
equivalent to the number of operations expected to occur over the 
interval between oilings in normal use. For various reasons, this is 
only a coarse approximation to the desired result, since lubrication is 
affected by time, as well as by use, owing to drainage, oxidation, and 
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probably also to an appreciable extent, to evaporation. Moreover, 
in rapid operation, the oil may be momentarily exhausted at a given 
bearing point and wear then proceed at a rapid rate, whereas in actual 
service, the long time intervening between some successive operations, 
may permit replenishment of the oil on the bare surfaces, by slow flow 
from neighboring oily areas. 

There are a number of other respects in which an accelerated liie 
test fails by a significant factor to approximate normal service, among 
which may be mentioned the effects of corrosion due to atmospheric 
exposure, complicated in many cases, as in the chemical industries, 
by the presence of corrosive gases and vapors in the air, or by high 
humidity; deposition of dust or gritty particles from the air, or from 
neighboring tools or machinery; fading or obliteration of graduations 
due to light or moisture; and what is perhaps most important prac- 
tically, the abrasive and hence wearing effects of particles removed from 
rubbing surfaces, during operation. The deposition and distribution of 
these particles will be much different during accelerated test than in 
normal use, and it is a fact established beyond question that such 
abrasive particles affect the wear life of an instrument or small machine 
by a very large factor. A case is in mind where the life of a simple 
contact making device comprising a metallic brush rubbing on alternate 
segments of conducting and insulating material, was multiplied by 
perhaps five, by the simple expedient of dusting off the worn particles 
of meta] from the brush and disc as fast as they appeared. Under this 
condition wear proceeded so slowly as hardly to be noticeable, whereas 
with identical discs and brushes in the absence of the occasional 
cleaning, the wear increased cumulatively, and rapid grooving of the 
disc and disappearance of the brush tip occurred. In this case the 
abraded particles determined the wear; in others it may be the air- 
borne particles shed by near-by machinery or tools. 

In general this points to a very useful lesson, well supported in the 
writer’s experience: that in any instrument in which the prevention of 
wear, and lengthening of service life is important, regular cleaning is 
essential; and more important still is the protection of the working 
parts, from air-borne dust particles, by use of an air-tight case, or one 
so designed, by the equivalent of baffling or otherwise, as to slow down 
the air stream entering the case so much as to occasion the dropping of 
the dust particles before the slow-moving air stream has reached the 
working parts. The importance of this can be judged by the fact that 
on recording instruments in a dusty atmosphere, the recording pen, 
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rubbing on chart paper, ordinarily wears off so rapidly as to be a source 
of real annoyance, due to the widening of the record line, and the 
consequent need of frequent pen replacements. 

Apart from the wearing out of working parts of the instrument 
occasioned by the entrance of dust, the errors of indication produced by 
increases of and changes in the friction are likely to increase to an impor- 
tant degree the need for and cost of recalibration. Instruments having 
a hinged door or cover should be so designed that the dust dislodged 
when the door is opened, does not fall inside the case. Apart from the 
cost of cleaning an instrument, better results are obtained if dust is 
prevented from ever entering the working parts, as is well recognized in 
the care used in constructing watch and chronometer cases as nearly 
dust tight as possible.’ 

The effect of dust on the wear of an instrument is so significant that 
it is to be recommended that in important cases, an attempt be made 
to approximate during the accelerated test the average dust deposition 
that may be expected to occur during normal use of the instrument, by 
observing the actual condition as to dust deposit, of similar instruments 
used for a known period under average or typical plant conditions. 

DESIGN OF THE TESTING Device. The test should be so carried 
out that abnormal deterioration of the instrument due to excessively 
high stresses, as those of impact, developed as a result of fast opera- 
tion, can be avoided as far as possible. In this matter, as in ‘those dis- 
cussed above, it is to be remembered that an accelerated test can 
never correctly simulate service, but that a great deal can be done to 
eliminate obvious errors. For example, in life-testing of a pressure 
gauge, the pressure can be applied quickly enough without introducing 
the impact effect of water hammer, even if a liquid medium is used for 
applying the pressure. Similarly in cam-operated mechanical testing 
devices, the design of the cam can easily be made to approximate the 
continuously varying acceleration of harmonic motion, in the absence 
of specific information regarding the nature of the accelerations to which 
the apparatus is subjected in use. In any case avoidance of excessive 


? A well known authority on ball bearings has stated that a well finished ball bearing, 
running within its capacity loading, carefully cleaned of all grit and then lubricated with clean 
oil, has a running life that is practically indefinite, as long as the bearing is kept free of dirt, and 
that a bearing so installed and protected if taken down after years of steady running, shows 
no measurable traces of wear in any part. On the other hand, it is a matter of common 
knowledge that a ball bearing into which dust or grit is allowed to enter, will deteriorate 
badly and lose its fit and efficiency in a very short period of runnning. 
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accelerations at the beginning and end of movement should be given 
special attention. 

In some cases, as in automobile, locomotive, and airplane instru- 
ments, the definite introduction of vibration treatment of the in- 
strument during test, will be justified. As to the simulation of such 
vibratory service by artificial means, few data are available to guide. 
A study of this subject in relation to airplane instruments, and of the 
effect of the shocks of transportation on the accuracy of aneroid 
barometers, was made at the Bureau of Standards before and during 
the war, under the direction of Professor M. D. Hersey; it is doubtful 
if there is any other experience in this field available for reference, 
although it is quite certain from experience with automobile clocks 
and locomotive pressure gauges, that the impact stresses of such 
service greatly accelerate the wearing out of the instrument. 

The establishment of the highest possible speed of operation of the 
instrument within the limit of reasonable simulation of service use is 
often a matter of importance, as in the case of some devices whose useful 
life is required to run into millions of operations; and in such circum- 
stances the expenditure of considerable care and study in the refme- 
ment of the testing apparatus will well repay the effort in the time 
and supervision saved on the test, and the more prompt availability 
of results. 

Another point regarding the details of the design of the testing 
machine relates to the difficulty already discussed, of rapid wearing 
out of instruments due to abraded metallic particles. There is great 
danger that unless special precautions are taken against it, the testing 
machine itself will contribute largely to the supply of such particles, 
and care is to be taken to protect the instruments under test by suit- 
able screens and guards at all points at which they are subjected to 
bombardment of material discharged from the parts of the testing 
machine. Lubricating oil, whether in the form of direct spray or as 
transported by solid particles, should be guarded against particularly. 

It is a matter of real consequence to devise and construct the testing 
apparatus itself in such a manner that it will have a sufficient life to 
outlast the instruments under test. In the case of instruments which 
have a very long life, running into the millions of operations, it will 
be impossible probably to design the testing machine so that it will 
outlive in every detail the instruments tested, and in such cases care 
should be given to devising the details of the machine for easy replace- 
ment at a minimum cost. This may make the testing machine a 
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mechanism of undesirable appearance from the ordinary point of 
view on account of the very open construction requisite to obtain the 
maximum accessibility, the disproportionate size of wearing parts, and 
other features. 

A case is in mind where a testing machine was designed following the 
ordinary methods of design of machines for regular plant service, with 
an eye especially to compactness and neatness of layout. The result 
was that the large amount of maintenance required on the testing 
machine, even before the life of the first apparatus tested had been 
reached, required constant and difficult dismantling and reassembling 
of practically all the duplicated testing elements of the machine in 
order to reach individual units in it. 

MAINTENANCE DURING TEST. It is often impossible on account of 
the excessive cost involved, to test enough instruments of a given type 
to afford a true statistical picture of the performance of the type; and 
in but few cases would so exhaustive an examination be warranted. 
Fortunately, the differences between commercial instruments are of a 
large enough order that normally no means of fine discrimination are 
required. 

Thus, it is often desirable, as soon as a part breaks or a serious 
defect or error develops, to repair the fault and restore the instrument 
to test, due care being taken to record the stage of operating life 
at which each such failure takes place. A careful examination of the 
whole instrument should be made and noted at such times in order that 
the relation of the defect to others already or subsequently developing, 
may be determined in reviewing the data at the completion of the 
test. It often happens that the occurrence of one type of failure 
will influence the appearance of another, and this will need to be given 
due consideration in the general review of the whole investigation, 
especially when, under the usual limitations of commercial work, 
only a limited number of individuals can be studied. 

As has already been indicated, cleaning and reoiling at proper 
intervals during the life test will need to be carried out, in most cases, 
and the record should include a statement as to the means of cleaning, 
whether wiping, brushing, blowing out, or washing with a solvent; and 
of the kind and amount of lubricant used. 

CALIBRATION DURING AND AFTER TEST. The ordinary type of 
calibration will not be of great service in this sort of investigation, 
except with instruments of relatively low variance. Hysteresis or 
cyclic calibration conducted under the regime laid down in the several 
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papers on this topic will aid definitely however in showing up important 
differences in amount of wear, failure of lubrication, deleterious effects 
of dust and abraded particles and similar causes.’ 

In the references the subject of friction and backlash in their relation to 
instrument errors are discussed in detail, and it is shown that the hystere- 
sis or load-deflection loop of an indicating instrument operated aperiodi- 
cally over a definite range, after cyclicization, and in the absence of 
external vibration, affords a powerful means of discriminating between 
types and individuals. In the wear test, these methods are of especial 
value, because they disclose the net, effective result of the wearing 
action, integrating as it were the wear damage of all the journals, 
bearings, pivots, gears, rollers, cams, etc., involved in the linkwork, 
as well as all resulting changes in frictional resistances, whether due to 
change in the finish of surfaces, exhaustion of lubricant, or interposition 
of dust particles. Means are readily developed for applying the same 
or equivalent technique to integrating or value-controlling instruments. 
(For a classification of mechanical instruments, see first reference of 
footnote 3.) Everything considered, it is practically certain that the 
hysteresis determination will afford a better index of the state of the 
instrument before, during and after a given wear life than the other 
available means of estimation such as calipering and weighing of 
journal and bearing parts; this because the cyclic calibration method 
automatically and necessarily weights each component of wear in 
proportion to its proper part in determining the inaccuracy and variance 
of the indications of the instrument. 

Of course, the cyclic calibration need not be carried through in the 
presence of obvious and perhaps fatal defects, such as breakage of 
parts, marked sticking or jamming of joints, or significant derange- 
ment of important adjustments. Such massive defects are often pre- 
sent in such number and importance as to make quite unnecessary any 
more refined means of analysis. 


Other means of interpreting wear damage are familiar, as calipering 
of holes and journals, and weighing of parts that have relative motion, 
to determine the amount of material removed. The clearance of a 


3 Especial reference should be made to 

The Concept of Resilience with respect to Indicating Instruments, Journal Franklin 
Inst., 187, p. 147; Feb., 1919. 

The Determinateness of the Hysteresis of Indicating Instruments, Journal Wash. 
Acad. of Sciences, 9, p. 38; Jan. 19, 1919. 

The Calibration Function in Indicating Instruments, Engineering (London), 108, p. 204; 
Aug. 15, 1919. 
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journal in its bearing can be conveniently determined by observation 
with a low-power measuring microscope, or more simply perhaps, and 
usually with sufficient precision, by moving one part back and forth 
in relation to the other while the plunger tip of a dial micrometer is 
kept in contact with the moving element. The amount of clearance 
can be readily estimated from the maximum amplitude of the indicating 
hand of the gage. The depth of shallow pits, or depressed thrust areas 
can be measured by a depth-measuring microscope, wherein the amount 
of focusing movement of the barrel to bring the base of the depression, 
and the surrounding normal region successively into focus is indicated 
by a micrometer screw incorporated in the focussing mechanism. 
Recent investigation has shown errors of considerable magnitude in 
the indications of some such measuring micrometers due to faulty 
design, so that care may be required in the interpretation of the 
observations when the circumstances are such as to require precision. 
(See Zeits. f. Instk., Oct. 1921, p. 299.) 

THE NATURE OF MECHANICAL WEAR. A very important and sug- 
gestive study of the wear of metals which run together, is found in a 
paper by L. Jannin and L. Guillet. (Rev. de Met. 19, pp. 109-116, 
and pp. 117-119, Feb. 1922.) These investigators found, under the 
conditions of their experiment, which permitted ready measurement of 
the worn surface, that the principal cause of wear in bearings is in- 
sufficient polish on the rubbing surface of the journal, while the chief 
cause of the wear on the journal is impurity in the lubricating oil. 
The latter condition, no doubt, will result from impurities introduced in 
the form of dust or gases by exposure to atmosphere or by imperfect 
cleaning of the bearing parts at the time of manufacture. Contrary to 
the ordinary belief which has been considered to be well supported by 
experimental evidence, the best results as to endurance of the bearing 
were obtained not when both surfaces are of materials of maximum 
dissimilarity, but in these experiments, when both consisted of a 
cemented and quenched case-hardening steel. (The Bureau of Stand- 
ards is also carrying on important work on the wear of metals; see 
Technical News Bulletin 64, p. 4.) 

It is probable that instead of a minimum of wear being determined 
by dissimilarity merely, of surfaces, fineness of grain in both surfaces 
might produce the same result. Perhaps the maximum wear occurs 
when the maximum projection of particles transverse to the direction 
of rubbing exists, so that when a particle is torn out by abrasion, its 
uprooting leaves the surface again relatively rough. 
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If the particles are small in dimensions, the coefficient of friction 
may not be increased by increased similarity of structure of the two 
rubbing surfaces, since the smaller size of particles reduces the blocking 
action due to interference of the parts in relative motion. When a small 
particle is uprooted by the abrasive action in the bearing, it leaves the 
smoothness and mode of frictional engagement of the surrounding 
surfaces relatively unchanged; when, with coarse structure a large 
particle is uprooted, its removal results in increased wear for a time, 
due to the shift of the directions of the particular elementary reactions 
between the wearing surfaces, and the exposure of new, hitherto 
protected particles to the wearing action. 

LIMITATIONS AND SPECIAL FEATURES OF THE Forcep TEsT. It 
seems likely that even under the best conditions, the forced test can 
not be applied without making due allowance, in the interpretation 
of results, for the specific points in which such tests cannot quite 
represent service conditions. In some cases the forced test is less severe 
than service, especially, for example, in cases where the movements 
in the instrument are mainly elastic rather than mechanical; but 
usually the forced test is rather more severe than the normal service. 
Nevertheless, due to the fact that some commercial instruments fall far 
short of normal requirements or differ so widely in a given type that 
discrimination is easy, the forced test is destined to play a more and 
more important role in instrument investigation and control. Certain 
it is that if makers of cheap watches were to have subjected samples to 
life tests under moderate jolting, at a balance vibration period arti- 
ficially adjusted to say one-fifth the normal running value, many 
serious defects which characterize these watches would have been 
corrected before they were so widely marketed. Similarly, certain 
indicating and recording thermometers and pressure gages are subject 
to a very serious and troublesome shift of the zero due to uncoiling of 
the Bourdon tube. In the case of thermometers, this error requires 
removal from service and recalibration of the instrument at consider- 
able expense; a very moderate amount of simple fatigue testing of these 
instruments will disclose this error promptly, usually within the first 
few hours of testing, and save a great deal of time and expense of 
installation in service and removal for recalibration. Furthermore in 
service the occurrence of such errors is always complicated by the 
possibility of accidental or intentional alteration of the adjustment, 
unless rather uncommon precautions are taken against this. 
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It is to be noted that in a good many cases, the life test of an instru- 
ment may be made self-recording, or self-limiting, so that failure to 
register correctly may either be made to stop the test, or to register 
itself in some easily interpreted way. For example, as described in 
outline in the paper by the writer in Management Engineering, June, 
1922, a considerable number of recording thermometers or pressure 
gages may be simultaneously life-tested in such manner that the oc- 
currence of important discrepancies can be directly noted on the record 
chart, by comparison with a reiterated standard temperature or pres- 
sure. Similarly, recording voltmeters and ammeters may be made to 
write their own life history by actuation through proper regulating 
resistances from an interrupted source of constant potential, as a 
storage battery connected through a motor-driven contacting device. 
Many electrical instruments, speed-governing devices and the like 
may be subjected to constant automatic supervision by connection to 
voltage release or time-interval relays, in ways familiar in telephone 
and telegraph practice. Pressure regulators may be “supervised” by 
a recording pressure gage; humidity controllers by the corresponding 
recorder; motor overload releases, by a recording wattmeter, and so 
on in great variety. 

Conctusions. The forced test method of studying a product, 
whether looking toward improvement, redesign, or competitive 
quantity purchases, is an important technique, especially meriting 
intensive development in the field of measuring instruments, where 
new methods may be successfully generalized, in most cases, to a wide 
range of types of apparatus. This method of test can go far in elimi- 
nating the uncertain and always debatable experience factor in instru- 
ment design and will ultimately place design for production upon the 
same stable base as design for research. Development of improve- 
ments and new devices will not then have to await the slow trying out 
of performance in service, with the unreliable and conflicting types 
of information which field observations normally imply, and the fact 
that such information does not commonly reach the people whose 
decisions control design. It is easy to ascribe failures in the field to 
abnormal conditions or abuse; in laboratory tests the conditions, even 
though they can never precisely represent service, can be standardized 
and controlled with certainty and flexibility. For example, one make 
of recording instrument is so definitely superior to others in respect to 
dust-tightness under ordinary plant conditions, that the simplest sort 
of dust exposure test in a closed box containing an agitated dusty 
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atmosphere, would establish the differences in this respect in an un- 
equivocal and definite way, without even requiring quantitative 
determination of the amount of dust gaining entrance to the instru- 
ment; whereas such differences as may appear in ordinary inspection 
of installed instruments are too easily and sometimes rightly ascribed 
to accidental differences in severity of exposure as affected by air cur- 
rents, fineness of dust particles and other factors that are highly 
variable under service conditions. 


AMERICAN ENGINEERING STANDARDS COMMITTEE, 
29 W. 39th St., New York Ciry. 


Optotypes, Test Letters and Pictographs for Measuring the 
Acuteness of Vision. Prepared by John Green, M.D., L.L.D., 
formerly Professor of Ophthalmology in the Medical College of 
Washington University, St. Louis, and A. E. Ewing, A.M., M.D., 
Professor Emeritus of Ophthalmology in Washington University, 
St. Louis. 19 charts and a descriptive pamphlet. The C. V. Mosby 
Co., St. Louis. 


These charts are the outcome of the earlier and later essays inspired 
by the pioneer work of Snellen. They comprise thirteen charts con- 
taining letters arranged in a geometrical series of sizes and a series of 
six charts containing pictographs such as horseshoe, chair, star, teapot, 
and circle, the latter series being intended for testing the visual recogni- 
tion of form by young children and illiterates. These charts, according 
to the designers, are prepared with a view: 

“(1) To eliminate unequal ratios of gradation by adopting gradation 
in geometrical progression. 

“(2) To simplify the routine and enlarge the scope of trustworthy 
determinations. 

“(3) To minimize differences in legibility of the several test-letters 
and forms.” 

The accompanying pamphlet describes the construction, operation 
and use of the charts and gives a number of bibliographical references 
by which the user or student may extend his knowledge of visual acuity 
study. 

One feature of both series of charts is that there is given with each 
size of type or pictograph a statement of the distance both in meters 
and in feet at which the test-letters should be seen in normal vision. 

F. K. RICHTMYER 
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METHOD OF LEAST SQUARES AND CURVE FITTING 
By H. S. Unter 
SYNOPSIS 

The primary objects of this essay are twofold (a) to expose certain tacit insidious potential 
sources of confusion which seem to permeate many writings on the Method of Least Squares, 
and (b) to deduce compact rigorous formulas for all of the important cases that can arise in 
the adjusting of a straight line to a set of observed points in two dimensions. 

The first problem solved in detail is: To determine the parameters (X, Y) of the equation 
Xx+Yy+1=0 so as to make the sum of the weighted squares of the “‘residuals” a minimum 
with respect to a set of observed data x=2;, y=9;; i=1, 2, 3, . . . mn. Two weights, wz 
and wy, are used. Several new formulas are obtained in this connection. 

Then the geometrical interpretation of the preceding pure analysis is presented. It is 
shown that (under the stated conditions) the representative straight line always passes through 
the centroid of the observed points. The transformation from an unequally weighted (wz>wy 
or wz<wy) plane to an equally weighted (w,=wy) plane is explained. 

The classical rules for the formation of normal equations from observational expressions 
involving the parameters linearly are interpreted and applied to illustrative cases. The 
method of approximation to be followed when the parameters are not involved linearly in 
the original functions is discussed and employed in concrete examples. 

The last general problem solved in full is: To find formulas for the parameters and other 
determining quantities of the equation ofa straight line which passes through the fixed point 
(Xo, Yo) and among the points of an observed set (x;, 9) in such a manner as to make the 
sum of the weighted squares of the residuals a minimum. This line does not pass through the 
centroid of (x; 4), in general. 

Finally, the meaning of the term “curve fitting’’ is subjected to mild analysis. 


The Method of Least Squares is so old and well known that the 
publication of a new article on this subject may well require some 
preliminary remarks in behalf of its justification. In the first place, 
it is very surprising to find that the manner of presentation of the 
subject in several text books is such as to facilitate the acquisition by 
the reader (who has neither time nor inclination to investigate and 
test from the very foundations every statement in the text) of in- 
correct ideas concerning the application of the method of least squares 
to special practical problems. In many cases the text is not formally 
incorrect, but the illustrative examples involve certain restricting 
assumptions which constitute pitfalls against which the student reader 
is not warned. For example the equations y=a+bx, y=a+bx+cz’, 
etc., are treated according to a certain set of formulated general rules 
(pertaining to the formation of ‘‘normal equations’’) which lead to 
numerical values of the coefficients a, b, c, etc. The reader, however, 
is left free to infer that the resulting equations are perfectly general 
ones for a straight line and for a parabola respectively. These remarks 
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apply, for example, to pages 11 to 14 of F. Kohlrausch’s Lehrbuch der 
Praktischen Physik, tenth edition, 1905; and also to the faithful English 
translation. (Attention is called to one aspect of Kohlrausch’s un- 
satisfactory presentation by A. F. Ravenshear in Nature, 63, p. 486.) 

In the first edition of J. W. Mellor’s Higher Mathematics for Students 
of Chemistry and Physics (1902) the reader is not warned that the x 
coérdinates are assumed to be entirely free from error in all the algebraic 
and numerical illustrations in the article which ends on page 257 with 
the following unqualified assertion: “The method of least squares 
assumes that the observations are all equally reliable.”’ In the second 
(1905) edition of the same book the last quoted sentence is followed 
immediately by the additional remarks (page 327): “The reader will 
notice that we have assumed that one variable is quite free from error, 
and very often we can do so with safety, especially when the one 
variable can be measured with a much greater degree of accuracy than 
the other. We shall see later on what to do when this is not the case.’’ 
What is to prevent the reader from wondering how all the ob- 
servations can be at the same time equally reliable with one 
variable quite free from error while the other variable is subject to 
appreciable error? The “later on’’ seems to refer to page 554 beginning 
with the sentence: “‘When two observed quantities are afflicted with 
errors of observation and it is required to find the most probable rela- 
tion between the quantities concerned, we can proceed as indicated 
in the following method.” In the foot-note on the same page Mellor 
says: “The above method is given by M. Merriman in A Textbook 
on the Method of Least Squares, New York, 127, 1891.” Since page 
127 of Merriman’s earlier editions is entirely wrong it follows that 
page 554 of Mellor’s second edition is equally fallacious. It is regretta- 
ble that Mellor’s popular book has helped to perpetuate this error 
since Merriman published a correct algebraic solution of the problem 
in an article dated as far back as February 26, 1891. The rigorous 
solution may also be found in the eighth (1915) edition of Merriman’s 
text book on the method of least squares, pages 127, 128, 216, and 217. 

The most unreliable text book which includes a chapter on the 
method of least squares seems to be the one written by Lucius Tuttle 
and entitled The Theory of Measurements (Philadelphia, 1916). On 
page 241 a diagram is given which illustrates very clearly the second 
sentence in its legend, namely: “If a straight line is to be used it must 


' Report of the United States Coast and Geodetic Survey, Appendix No. 13, p. 687; 1890. 
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be so arranged that the sum of the squares of the distances to it from 
the various points is a minimum.” Perpendicular distances are un- 
ambiguously shown in the figure and stated in a foot-note. Neverthe- 
less the formulas for a and b (y=a+bx) given on the next page apply 
only when the distances are measured parallel to the axis of y, that 
is, when the abscissas are unaffected by error while the ordinates are 
fallible. 

The record for confusion of ideas and false statements is now held by 
a recent article? from the pen of Norman Campbell. On page 177 he 
says: “But I do wish to subvert those rules: I contend that the Method 
of Least Squares is an intolerably cumbrous method for obtaining quite 
misleading results, that there is a method which is incomparably simpler 
and gives results which are not misleading, and that the only persons 
who have any adequate reason for continuing the use of the older 
method are the members of the National Union of Computers (if there is 
such a body) who might be thrown out of a job if the proposed method 
were adopted.” On page 180: “It is assumed that the equation which 
the measured magnitudes have to satisfy is linear and of the form 

ax+by+cz+ ... +m=0.” 

“It is clear also that, without loss of generality, we may always put 
a=1, and this procedure will be adopted in what follows.” On page 
182: “There is always at least one of the measured magnitudes 
(x, y,2, . . . ) which may be assumed to be free from error: let it be y. 
(This assumption is also involved in L. S.)” On page 193: “It is 
generally recognized that L. S. is only applicable strictly when one 
variable alone is liable to error—though it is often applied when that 
condition is certainly not fulfilled.” It is not necessary to show that 
all of the above quotations indicate complete misunderstanding of the 
subject, for this has been done in a beautifully clear article’ by R. 
Meldrum Stewart. 

Accordingly, under the circumstances outlined in all the preceding 
paragraphs, a single article in which an earnest attempt is made to 
deduce rigorously the consequences of fully specified hypotheses may 
be a useful contribution to the subject. However, I desire to emphasize 
at the very beginning that the point of view taken in the present paper 
will be more nearly that of the mathematician than of the physicist. 
In other words, the questions as to whether it is worth the time and 
trouble to make the calculations in any numerical problem rigorously 


* Phil. Mag., 39, 1920. 
* Phil. Mag., 40, pp. 217-227; 1920. 
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or blindly, or even whether it is ever worth while to use the method 
of least squares at all will not be given any particular attention. The 
primary object of the paper is to give a fairly complete analytical 
discussion of such equations or functions of the first degree in the 
observed quantities as occur most frequently in text books on the 
method of least squares and in research papers in physics. Doubtless 
there can be but little that is new in this paper, but it should be stated 
that I have recently worked over the whole ground for myself from the 
very foundations and that I have not as yet been able to find all of the 
formulas and results in the literature at my disposal. 

Assuming that all the errors are ‘‘accidental”’ and obey the Gaussian 
(symmetrical exponential) law then the total probability, etc., will be 
a maximum when the sum of the weighted squares of the residual errors 
is a minimum. The first application of this result will be to a set of 
hypothetical pairs of data which would satisfy, if wholly devoid of 
error, an equation of the first degree in the variables or observed quanti- 
ties. Let the equation be written 

Xx+Vy+1=0. (1) 
This form of equation has been chosen both for the sake of symmetry 
and to avoid the form y=a+bx which has been the innocent cause 
of so much confusion. x and y correspond to observed data while Y 
and Y are parameters to be determined rigorously according to the 
method of least squares. 

Let the pairs of observed data be m in number (x;, y:), (%2, y2), - - - , 
(x,, Vn), let all the x’s have the same mathematical weight w,, and 
let all of the y’s have the weight w, in common. Also let wu; and 2; 
be the most probable values of x; and y; respectively, and let @ denote 
the sum of the weighted squares of the residual errors, that is 


} =w,2(u;—x;)? +w,Z(0; —y;)*. (2) 
1 1 


The quantities u; and v7; must satisfy equation (1) so that function (2) 
is subject to m equations of condition typified by 
Xu;+YVo;+1=0. (3) 
& is to be a minimum with respect to 2n+2 quantities which are the 
n values of u;, the m values of 7;, X, and Y. [X and FY are here used, 
instead of U and V, as the most probable values of the parameters in 
equation (1).] A necessary condition for the minimum is the vanishing 
of the first derivatives of @ with respect to each of the n +2 independent 
variables. 








7 








Nov., 1923] LEAST SQUARES AND CURVE FITTING 





In general 
db db ab dy; 
du; du; a; du; 
where the (explicitly written) partial derivatives are to be derived 
from function (2) while dv;/du; refers to equation (3). Hence 
a = 2[w,(u;— x;) + w,(0;—- y( * >) =0 (4) 
Solving equations (3) and (4) for u; and 2; gives 


. w,x;Y*? —wyy,X Y —w,X 





u; F 








wyX?+w,Y* (5) 

aa wyy;X? —w,x,X Y —w,Y 

wyX?+w,Y* 
Expressions (5) lead directly to 

wyX (Xx;+Vy;+1) 

a 7 > , 

w,X?+w,} 2 (6) 

w,Y(Xx;+Vyit1) | 

ae’ eagles , 





wyX?+w,Y* 


Division of the second one of expressions (6) by the first gives 

1;—-; w.Y 

u;—x; wyX 
a result which is independent of the value of the subscript i and which 
is accordingly a constant common associate of all the observed pairs 
(us, 2;). When x; is fallible while y; is free from error w,/w, is zero. 
When y; is subject to error while x; is perfectly accurate w,/w, is 
infinite. 

Hence, in general, w,Y/(w,X) can assume all numerical values from 

zero to infinity. It is permissible, therefore, to define an angle 6 by the 
relation 





w,Y 
tan 6= 

w,X (7) 

Substituting from equations (6) in function (2) gives 
w.w n 
© = ———— _ 5 (X2;4+ Vy,4+1)? or 
wo X?-+w,¥3 2( yi+1) 
_ Ris pal (2at) X? + 2(Zaiy) XV +(Zy" )¥?+2(2a)X (8) 
Jy 4 WwW, 


+2(Zy) ¥ +n] 
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Hence 

db 2w,w, 

aX ~ (w, X?+w,Y")* 
+w,(Zxy;) ¥* —w,(Zx)X?—2w,(Zy) XV +w,(Zx)¥*—nw,X]=0 (9) 





[w w,(Zx*)X ¥?—w,(Zy*) XY? —w,(Zaxjy;)X?*Y 


Similarly - = 0 expands into 


w,(Zy") X?Y¥ —w,(Zx*) X*Y —w,(Zaxjy,) XY? +w,(Zxy;)X* —w,(Zy) VY? 
—2w,(Zx)XY +w,(Zy)X?—nw,Y =0 (10) 
Since 
d dd 2w,W, : 
aes - ie = BX pw vi eX+ Ey) +n) 
the simultaneous vanishing of the two first derivatives of @ with respect 
to X and Y gives 


(22)x+(2)r 41-0 an 


Subtraction of equation (11) from equation (1) leads to 


(«-=)x+()-2)r-o 


which shows that equation (1) will always be satisfied by the data 
x=(2x)/n=x and y=(Zy)/n=7. 
Elimination of X from equations (9) and (11) gives 
{w,(Za) [(Zx*) (Zy) — (2x) (Zazy,)] —w,(Zy) [(Zy*) (Ex) — 
(Zy) (Ex) | ¥?—{ nw, [(Zy*) (2x) —(2y) (Zxy,)] - 
wy (Zy) [n(Zxiys) — (Ex) (Zy)] —w, (2x) [n(Zx*) — 
(Ex)*]} ¥ +nw, [n(Zx,y;) —(Zx) (Zy)] =0 (12) 
A similar quadratic in X can be written down at once but it is not 
needed for the present purposes. 
The identity 


n( 3?) = (3)? = 2(x;—x;)?, i< 


shows that the left member,—which occurs in equation (12),—is 
essentially positive. Also the more general identity 


NZX; — (3::) (3x) =z (x;—2;) (yi-), i<j 
indicates that its left member will be positive or negative respectively 
according as x;—x; and y;—y, have like, or unlike, signs for all values 


of i and j from / to m inclusive; i<j. Obviously, the condition just 
stated is sufficient but not necessary. These two identities may be 
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used to recast the terms in equation (12) or to afford checks in numerical 
calculations. 

Since equation (12) has two roots the unambiguous determination 
of the coefficients in equation (1) wil) not be complete until a criterion 
has been obtained for the proper selection of the roots. Accordingly, 
the following analysis will be performed primarily with this end in view. 

Let m= — X/Y so that m may have any value from minus infinity to 
plus infinity. Substitution of —mY for X in function (11) leads to 
n 


~ (Sx)m— (zy) 
The expressions for X and Y just given facilitate the reduction of 
function (8) to 


= ey I n( zat) — (2) mt —2 [n(23i9)- 


A 





n(wym? +w,) (=x) (Zy)]m+[n(Zy*) —(Zy)']} 
or to 
vn a [2 (aj —2j)*]m? — 2[2 (a; —25) (yi — yg) m+ 


Z(yi—yj)?}, i<j. (13) 
For brevity let C=w,wy/n, P= 2(xj—x;)*, Q=2(xj—2;) (vi—yj), 

and R=23(y;—y;)?; i<j. Function (13) may be written 

& Pm’—20m+R 

e. wym’+wy 





from which may be derived, by differentiating,— 
1 d& _wyQm*+ (weP —wyR)m—wO0 


14 
2C dm (wym?+w )? (14) 





and 


iu { —2wy’Qm' —3wy (weP —wyR)m?+6wywyQm+ 


2 
aC oui w;z(wzP —wyR) } /(wym?+w.)* (15) 
The necessary condition for a maximum or minimum of 6, d@/dm =0, 
follows from function (14) and is 


WP —WyR 


wym? + m—w,=0 (16) 


The roots of quadratic (16) are 





m=|+ V(wzP —wyR)*+4wzwyQ? —(wezP —wyR)|/(2wyQ) (17) 
Since wy cannot be negative the sign of Qm is the same as the sign 
taken before the radical in (17). This fact is the fundamental one in 
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the differentiating criterion for a maximum or a minimum, as will now 
be shown. 

Substitute in the braced expression of function (15) in place of 
wym? its equal [wx0 —(wzP —wyR)m]/Q to obtain 

PS _ 2wywy [(weP —wyR)?+4wswy0] (Qm) 

dm? n(wym*+w;)*® G* 
which shows very clearly that d*/dm* has the same sign as 0m. Hence 
a maximum or a minimum obtains respectively when Qm is negative 
or positive. Therefore the required criterion is: take the positive 
or negative value of the radical in equation (17) according as a mini- 
mum or a maximum value of is desired. 

Let ® symbolize the minimum value of @. A very simple explicit 
formula for # in terms of the given data will now be derived. First 
substitute in function (13) the expression for m? given by quadratic 
(16) to get 

n@ O(wzP+wyR) —[P(wzP —wyR) +2wyQ*|m 
We 2wx0 —(wxP —wyR)m , 
But, for the minimum 
m, = {|V(wyP —wyR)?+4wwy0*| —(wrP —wyR)}/(2wyQ). (17’) 
Hence, by direct substitution 
nd, _P |V/S|?—[P(weP —wyR) + 2wy] | VS| 
Ws |-VS|*—(wsP —wyR) |VS| 
where S =(wzP —wyR)*+4wzwyQ’. 

Canceling |./S| and rationalizing the denominator of the resulting 

fraction it will be found that 














’ 





a= (wsP +wyR—|V/S|) (18) 
n 
Function (18) may also be written in the following instructive forms 
$= _ { (weP +wyR) —|V(weP +wyR)? —4wzwy(PR—Q*)|}, 
n 


2wxwy(PR—Q*) 
n(wzP +wyR+|V/S|) 

Except for the extreme limiting cases where either wz/wy= © or 
wy/w,= ©, the original problem has now been solved completely. 
Perhaps the simplest plan to follow in a given numerical case (assuming 
that the minimum line is wanted) is to (i) calculate m, from (17’), 
(ii) compute Y, from Y,=n/[(x)m.—(Zy)], (iii) use X,= —mY., 
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and (iv) calculate ® from (18). In all the numerical problems which 
I have solved by means of the preceding formulas, the work was 
shorter and more direct than by any other legitimate method that I 
have seen proposed for the case of the linear function. 

In this connection attention should be called to a trigonometric 
formula which is a rational function of the various summations and 
which may be considered, in general, as even more convenient in 
numerical calculations than quadratic (16). 

Define an auxiliary angle U by the relation 


m=tan yo tan U. 
Vy 
Substitution in equation (16) followed by simple reductions leads 
directly to 


2/w,w, |n(Zxiyi) —(Zx) (Zy)] 





tan 2U= 
wz[n(x*) — (Zx)*] —w,[n(Zy*) — (Zy)?] 
or 
| ay 
tan 2U = ZV walO (16’) 
WxP —WyR 


As a numerical case the points (2.4, 1.0), (1.9, 2.3), (1.2, 3.4), and 
(0.5, 5.0) may be taken. Yx=6, Dy=11.7, (2x)? =36, (Sy)? = 136.89, 
Ya? =11.06, Dy? =42.85, and Laxjyj=13.35. Let wr=wy. Then U=y 
and tan 2U omen 

2627 
A diagram or inspection of the points indicates that ~ must be obtuse 
hence y = 115° 59’ 24.’’2. 

It is now appropriate to consider the limiting case where wx/wy = © 
which, from the point of view of errors, means that the x;’s are absolute- 
ly free from error relative to the fallible y,’s. Let r,=wy/wz and ration- 
alize the numerator of equation (17’) to get 


m, =20/{|\V(P—nR)?+4n0*| +P —riR}. 
The Jimit attained when r; =0 is 














‘ate Q _ 2(xi—xj) (vi—yj) _n(Zaiyi) —(Zx) (Zy) (19) 
P 2 (xj —2;)? n(x") — (=x)? 
hte n(x?) — (2x)? (20) 
(Sx) (Zazyi) —(Zx*) (Zy) 
»_ __m(Zaxiyi) —(Zx) (Sy) (21) 


~ (Sx) (Sxiys) — 2a") (Sy) 
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Dividing both numerator and denominator of the last form given 
above for function (18) by w, it will be found that 


n{P+r,R+|V(P+riR)?—4r:i(PR—-Q*)|} 
Hence when r, =0 








_ wy(PR-@) 
nP 
In practice, it is permissible and convenient to put wy = 1 in function 
(22). A special case of this limiting case, in which the successive values 
of xj form an arithmetical progression, has been discussed by H. M. 
Roeser.‘ [He too does not warn the reader that his sets of normal 
equations numbered (3) and (28) automatically make the weight of 
the abscissas infinite.] 
When w,/w,;= © the formulas corresponding to expressions (19) to 
(22) are readily found to be 


&,’ (22) 











mR = 20i-si? wy") — Ry)?" a9’) 
Q X(x;—xj) (vi-yj) (Ziyi) —(Zx) (Zy) 
y,' =~ n(2xiyi) — (=x) (Zy) (20’) 
(Sy) (Zaiyi) — (Ex) (Zy*) 
xX," = n(Zy?) — (Ly)? (21’) 
Ly) (Zxiyi) — (Ex) (Zy*) 
a,’ = Ws(PR-O) (22’) 


nR 


The negative reciprocals of functions (20), (21), (20’), and (21’) are 
the ones which are so often given in the text books without the slightest 
regard to the fact that they apply to limiting cases only. 

Attention will now be turned to a fairly full discussion of precisely 
what has been accomplished in the preceding paragraphs, to the 
geometrical significance of the analytical expressions therein contained, 
and to the general perspective of the whole matter. 

In the first place, the above analysis does not correspond to the 
most general case imaginable. If each and every one of the 2 observed 
quantities were given a different weight the case would be more general. 
The algebraic work would be no more difficult than the preceding 
analysis through expressions (6). Definition (7) would lose its sim- 
plicity because w, and wy would each be dependent upon the sub- 


* Bureau of Standards, Paper No. 388, July, 1920. 








~ 
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script 7. The next step in the work would be biocked since the out- 
standing fraction wywy/(wyX*+wzY), being a function of the subscript 
i, could no longer be placed in front of the sign of summation. Con- 
sequently the generalized form of function (8) would be inordinately 
complicated (through its denominators) and apparently unmanageable 
in literal form. Nevertheless the case treated in detail in the preceding 
paragraphs is sufficiently general to cover nearly all of the problems 
that arise in practice. 

The writer and not the method of least squares is responsible for the 
assumed constancy of wz; and wy. Mellor, taken literally, goes so far 
as to state with emphasis that the method of least squares assumes 
Wz OF Wy Constant, and to permit the inference that w,=wy. 

In the paragraph immediately preceding equation (1) it was con- 
venient to speak of errors of various kinds, but it should now be clear, 
from the fact that no restrictions whatsoever were put upon the mag- 
nitudes of any of the quantities involved, that the entire work amounted 
to determining the coefficients X and Y in such a manner as to make 
function (2) either a maximum or a minimum. In other words, uj —2; 
and 2j—yj need not mean “residual errors’ as this term is usually 
employed and they are not restricted to small values. 

The full significance of the last paragraph may be brought out better 
by the following numerical illustration. A circle of radius 2.5, with its 
center at the point (1.5, 3), was drawn on a sheet of coérdinate paper 
and the following seven points were read off as falling close to the 
circumference: (—0.3, 1.3), (—1.0, 3.0), (—0.4, 4.6), (2.1, 5.4), 
(3.6, 4.3), (3.9, 2.4), and (2.8, 0.9). Required to find an equation of the 
straight line so situated that the sum of the squares of the lengths of 
the perpendiculars dropped upon it from each of the seven points shall 
be a minimum. In the language of some of the text books: To find the 
“best”’ straight line to fit the points on the circle. 

Wr=wWy=1, LYx=10.7, Sy=21.9, (Zx)?=114.49, (Ly)? =479.61, 
Yxjyj=33.47, Yx?=41.67, Ey?=86.07, P=177.20, Q=—0.04, and 
R=122.88. The quadratic in m is m?—1358m—1=0 hence m= 
679 + (679.0007 363766), m, = —0.0007363766, —1/Y, =3.129697, 
—1/X, =4250.131, and ®, = (150.04 —4V46.1042)/7 = 17.5542815. 

Special emphasis should also be laid on the fact that all of the pre- 
ceding analysis inclusive of formula (22’) was performed without any 
reference whatsoever to geometry. Doubtless some of the confusion 
which exists in the field of the method of least squares would not have 
arisen if the analytical processes had been thought of as independent 
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of their respective geometrical interpretations and especially of the 
undefined “curve fitting.” 

This independence being granted, no misunderstanding should arise 
from the following geometrical interpretation of certain parts of the 
preceding analysis. 

Equation (1) may be looked upon as representing a straight line in 
rectangular coérdinates. Any other equation of the first degree in x 
and y, and involving two independent parameters, might have been 
used in the analysis and it would have represented precisely the same 
straight line. 

There is a one-to-one correspondence between the points on the 
line and the given points, that is, (uj,vj) corresponds to (xj, yi). This 
still holds when the line is curved in a perfectly general manner. If 
needed, uj and 2; can be calculated from formulas (5). 

uj—xj and vj—y;, in expressions (6), signify respectively the pro- 
jections on the axes of abscissas and ordinates of the line joining the 
point (xj, yi) to (uj,v;). Since the ratio of 2; —yj to uj —xj is a constant, 
so far as the subscript 7 is concerned, it follows that all of the lines 
joining the corresponding points are mutually parallel and make the 
angle 5 with the positive direction of the axis of abscissas. This 
result is imposed on the mathematics by the assumption that w, 
and wy are common respectively to all of the abscissas and ordinates. 
If wz and wy were functions of the subscript 7, 6 would also be a function 
of 7 and so the lines in question would not be parallel. 

Let y denote the angle which the “most probable” straight line 


{equation (1)] makes with the axis of abscissas. Then tan y= —X/Y = 
m. Referring to the definitional relation (7) it is evident that, when the 
two coérdinate directions have equal weights (w;=wy), tan 6= —cot y 


which means that the line joining (x;, yj) to (uj, 2j) is perpendicular to 
the required line (1). Under these circumstances function (2) may be 
waren b=wz> [ (uj —xj)? + (vj; —yi)?] 

so that @ is now proportional to the sum of the squares of the lengths 
of the perpendiculars dropped from the given points upon the required 
line. Hence, when wz =wy, the problem of the method of least squares 
becomes that of finding the equation of the straight line such that the 
sum of the squares of the perpendiculars just mentioned shall be a 
minimum. This special case can be solved very elegantly by using the 
“normal” form of the equation of a straight line, namely 

xcos a+ysina—p =0. 
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When w;z/wy= © (x;’s perfect) 5=90° and the lines joining corre- 
sponding points are parallel to the axis of ordinates. Expressions 
(6) give (very properly) uj—xj=0 and oj—yj= —(Xxi+Vyi+1)/Y. 
This is the much-abused case of the text-books which employ the form 
“y=a+bx.” 

Similarly, when wy/w,= © (y;’s perfect) 5=0 and the lines joining 
corresponding points are parallel to the axis of abscissas. vj—yj=0 
and uj —xj = —(Xaji+Vyj+1)/X. 

Condition (11) shows that the required line always passes through 
the centroid or center of gravity (%, 9) of the given points. In numerical 
problems the work is often appreciably simplified by moving the origin 
of coérdinates to the point (#, 9) while keeping the new axes parallel 
to the corresponding old ones. 

Summing each of expressions (6) from 1 to m gives 


=(uj—xj) = ~__¥yX _t(sx) x 4(zy)¥ +n, 
WyX?+w,zY? 5 
WY 
yX? +we¥ 
By relation (11) the bracketed expression common to the last two 
equations vanishes, hence 


2(vj—-9i) = — 





—*~—___| (Ex) X +(Zy)¥ +n]. 


> (uj —xj) =0, 
= (vj — yi) = 0. 

This result is equivalent to saying that the line represented by 
equation (1) passes through the centroid of the system of given points. 
The condition is necessary but not sufficient for the unique determina- 
tion of the minimum line. Any line,—even the one making a maxi- 
mum,—passing through the centroid will fulfill the conditions last 
written. Consequently, conditions of this kind can only be used as 
checks in arithmetical computations. 

When the given points lie close to a straight line,—a condition 
which is always fulfilled when small accidental errors are under con- 
sideration,—the function Q or 3(x;—2;) (yi—yj), [i<j], will be positive 
or negative respectively according as the required line makes an acute 
or an obtuse angle with the axis of abscissas, and conversely. This 
may be seen at once by writing 


Q= [-a(Z=2)] ,i<j 


in which (x; —2;)* cannot be negative and (yj—yj)/(xj—2j) means the 
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tangent of the angle made with the axis of abscissas by the line joining 
(xj, yi) to (xj, yj). 

Formula (17’) for m, gives the slope of the line which corresponds 
to an absolute minimum of #, for any other line in the plane will give 
a greater value to ®. The other root of quadratic (16), however, 
corresponds to the line which gives the largest value of among all the 
lines that pass through the centroid of the system. If this line were 
translated away from the centroid in a direction at right angles to 
itself @ would increase indefinitely as the line approached infinity. 
Thus the maximum is not absolute in the sense applicable to the mini- 
mum. 

The angle between the maximum and minimum lines may be 
obtained at once either from quadratic (16) or from expression (17). 


It is given by: 
tant) ENS vs 
(we—wy) QO 

Hence when w.=w, these lines make right angles with each 
other. 

The expression PR—Q* which occurs in the various forms of ®, 
after function (18) has an interesting interpretation. It can be shown 
that PR—(* is identically the same as 

NX(XjY; —XjVi FAV —XRYj +XRVi —XiyR)®, I< 7G <R.z 

The vanishing of the polynomial within the parentheses is a necessary 
and sufficient condition that the three points (xj, yi), (xj, yj), and 
(xz, ye) shall lie on the same straight line, hence the vanishing of the 
sum of the squares of all such expressions is a necessary and sufficient 
condition that all of the m given or observed points shall lie on one 
straight line. Since neither w, nor wy may equal zero (one may be 
infinite while the other is finite so that the reciprocal ratio may be zero) 
the second formula for #, after (18) shows very clearly that the only 
circumstance under which ®, can vanish is when all the points lie 
along the same straight line or, analytically, PR-—Q* =0. 

Another interesting general property consists in the effective stretch- 
ing or changing of scale along the coérdinate directions by virtue of the 
presence in the formulas of w,; and wy. More precisely, it will be found 
that if u;’, vj’, x;’, y;’, X’, and Y’ be substituted in the formulas 
respectively in place of |V/w, | ui, | Vw, | vi, | Vw, | xi, |Vw, | i, 
X/|Vw, |, and Y/|/w, | the expressions in the accented symbols 
will be the same as would have been obtained in the unprimed letters 
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when Wz=Wy=1. This means that, in general, the given abscissas 
and ordinates may be multiplied by the assigned values of |/w, | and 
| /w, | respectively and then the modified data may be substituted in 
the formulas previously prepared for the special case we=wy=1. In 
other words, the given data with w; not equal to wy may be plotted on 
one diagram in which the line joining (x;, yj) to its corresponding point 
(uj, 0j) is not perpendicular to the required line, or the given data may 
be modified by the radicals as indicated above and plotted on a new 
diagram in which each (uj, vj) is the orthogonal projection of (xj, yi) 
on the required line. This general property might be useful in practical 
work if the formulas for the case wz unequal to wy were not accessible, 
for it is very easy to deduce the equation of a straight line such that 
the sum of the squares of the perpendiculars dropped upon it from the 
given (accented) points is a minimum. Of course, after having com- 
puted the values of the primed symbols for the (normal or) sym- 
metrically weighted diagram it is a simple matter to transform back to 
the unsymmetrically weighted diagram. 

One algebraic illustration may help to bring out the above property. 
The first one of formulas (5) may be written as 


tug Ge) (Fa) Fa)-Ga) 
(3a) " Ja) 


yt ot PW (X) (LY -X" 
(X’P+(¥’)? 
The value of ®, is not affected by the transformation. 

As a numerical example let w;=25, wy=4 and use the four points 
(0.4, 0.5), (0.6, 0.8), (0.8, 1.0), (0.9, 1.2) which are quoted from Merri- 
man’s text, page 128 (8th ed.). Since /w,=5 and Vw, =2, the 
transformed points become (2,1), (3,1.6), (4,2), (4.5,2.4). 2x’ =13.5, 
Ly’ =7, (Zx")? = 182.25, (Zy’)?=49, B(x’)? = 49.25, B(y’)? = 13.32, Exj’yi’ 
=25.6 hence tan 2U’=1580/1047, tan y’ =0.536973352, y’ =28°14’ 
4.6 X’=—8.621222, Y’ =16.055214, and 5’=118° 14’ 4.6. Re- 
turning to the unprimed condition, tany=2.5 tan y’ =1.3424334, 
y =53° 19’ 17.1, X=5X’ = —43.106110, Y =2Y’ =32.110428,' tan 6= 
— 4.655725, §=180°—(77° 52’ 39’'.6). The line joining (x;, yi) to 
(uj, 03) makes an angle of 48° 48’ 19’’.3 with the required line. 











or 





* Formula (12) becomes 1.5815 ¥*—50.389¥ —12.64=0 from which Y = 32.11042781. 
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©,’ =, = (19.03 — V 359.2609) /8 =0.00947763. These results show 
to best advantage when plotted on graph paper. The reader may find it 
interesting to consider the two diagrams for the case where wy/w, 
approaches zero as limit, wy remaining finite and constant. 

On page 187 of Weld’s text on the theory of errors and least squares 
may be found the following statement of rules for adjusting observa- 
tion equations of the first degree. ‘‘(a) Write the expression for the 
residual corresponding to each observation equation, multiply it by 
the coefficient of the first unknown, in that expression, add the pro- 
ducts, and equate their sum to zero. The resulc is the normal equation 
pertaining to the said first unknown. Do likewise for each of the other 
unknowns. Then solve the normal equations thus formed for the 
desired most probable values of the unknowns.’’ “‘(b) In the case of 
weighted observation equations, after multiplying the residual by the 
coefficient of the unknown, multiply again by the weight of the cor- 
responding observation; then add and proceed as above stated.” 

Ample justification for the above rules is adduced in all the text 
books on the subject so that no attempt will be made in this paper 
to derive them from fundamental principles. However, it may not 
be superfluous to lay stress on certain aspects of the subject matter 
embodied in the rules. 

In the first place it is not fair to confound (as Norman Campbell 
and others seem to me to do) these rules with the method of least 
squares and then to hold the general method responsible for the fallacious 
results or the unnecessarily long computations which arise respec- 
tively when the rules are used in cases for which they are not valid or 
for which they were not formulated. 

Consider the equation y=a+bzx, let all the abscissas be absolutely 
free from error, and let the ordinates be fallible and of constant weight 
unity. Then,—in the same notation as was used in the first part of this 
paper,— 


Mj = Xj 
hence S =a+bx; 
$= 2(v;— i)? 
so that & = (a+bx;—yj)* 


es 
5,7 22(a+xib — yj) = 2[na+(Zx)b —(Zy)] 


o® 
5p 7 22(a+xib —yi)ai= 2[(2x)a + (Za*)b —(Zaxiyi)] 











7 
/ 


ly 
it 


is 





Nov., 1923] LEAST SQUARES AND CURVE FITTING 1059 


Equating each of the derivatives to zero gives the normal equations 
na+(=x)b—(Zy) =0 
(Sx)a+(Zx?)b —(Txjzyj) =0 
the solution of which is embodied in formulas (19) and (20) above 
[a= —1/Y,’, b=m,’|. 

Identically the same normal equations would be obtained by using 
the trinomial la+a;b—y; and treating it according to rule (a) as 
stated by Weld. Hence, in this application, the rule does not give a 
solution for the general straight line. The specifications involved are: 
x’s perfect, y’s of weight 1, a and 6b each of the first degree, and each 
fallible yj compared with the corresponding binomial a+b6x;. The 
same considerations apply to the finite series 

VY =do+ajx+aex*+ay?+ © 2. +ayx". 

Rules (a) and (6) are applicable only when the parameters a; enter 
the chosen function to the first degree, a condition which Weld states 
clearly. 

The question may now be raised as to whether the rules quoted 
can be so applied as to lead to an equation of a straight line associated 
in the most general manner with a set of points the coérdinates of 
which represent observed quantities. If this can be answered in the 
affirmative then certain conditions which restricted the generality of 
the analysis following equation (7) will be removed. More precisely, 
instead of using the two constant weights wz and wy let the weights of 
xj and +; be symbolized respectively by aj and 8;. Accordingly the total 
number of different weights is 2n. Inspection of the analysis associated 
with equations (1) to (6) shows that now 

one Xa+¥H+1! 5S jaeeeab leet 2 \" (23) 
i B:X?+a;¥* I V BiX*+ a,¥? 

In order to adapt this function to rule (a) it is necessary to make the 
expression between the braces linear in X and Y. Assume that (by 
graphical means or otherwise) approximate values X, and Y, of X and Y 
respectively have been obtained. Let 

X=X,+é 

Y=Y,+n 
where ~ and » are relatively small corrections to be applied to X, 
and Y,. The braced expression of function (23) can now be made linear 
in & and » by applying Taylor’s theorem and omitting all terms in- 
volving ~ and » above the first degree, either singly or collectively. 
The result of so doing is 
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$= »} V aiBi{ (Y.2ajxi — X.Y oBiyi — Xo8i) E+ (Xo*Biyi — XoYoaixi — Yoai) 

+(X.%8;+¥.2ai) (Xoxi+YVovit1)] (X.28:+¥.2a;)*7}? (24) 

Let F;=X.xi+Y.yit+1 and S;=X,.8;+Y.%a; then the expression 
between the braces in relation (24) may be written 


VabiS (5, X84 (TAH )eam as 
VS; | Si Si \ 

Formula (25) conforms to rule (a) quoted above and hence it may 
be used to form two normal equations involving § and » as unknown 
quantities. The number of times the entire process of starting with 
corrected values of X, and Y, and computing new corrections & and » 
depends ceteris paribus upon the degree of accuracy required in the final 
values of X and Y. In practice the arithmetical work may be very 
tedious but the same drawback is afforded by Horner’s method of 
approximation to a selected root of an algebraic equation when the 
degree is high, etc. If the number of successive applications of rule (a) 
were to approach infinity the values of — and » would approach zero 
and function (24) would reduce to 


in > Vaibi(X.xi+¥eyit1) | 

1 V BiX,?+aiY..” \ 
which has the same value as function (23) represents. It should also 
be noted that neither the coefficient of — nor of » is equal to unity. 
[Compare 1a+2;b—; above.] 

In the less general case where aj=w, and §j=wy the multiplier 
Vv jf; / Sj; ceases to be a function of i and hence it may be omitted 
from formula (25) since it would be a useless common factor of all the 
terms of both normal equations. However, when aj=w, and Aj=wy 
I have found that formula (25) does not compare in speed of calculation 
with the non-approximative formulas derived in the earlier part of this 
paper. [See formula (16’) and the plan suggested in the text following 
formula (18).] 

If the equation of the straight line had been taken as 





y=a+bx, 
instead of as equation (1), the form assumed by function (25) would be 
V aiB; bBiF j’ , ’ 
—= p+ (1—-E*)a tr, 25’ 
VT; "eS =e 








~ 


) 
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where @=a,+{, b=)b,+p, Tj=aj+jb.”, and Fj’ =a,+2jb. —4;. 

Formula (25’) may be deduced from fundamental principles or 
it may be derived from formula (25) by making use of the following 
relations 





x,—% Fat 
do 
Gop — bof a bo. ‘), 
t= 2 
a(a,+f) a, 
a sae x 
a(a+t) a2 
F,=S yey 
a, a2 


Lest the inference be drawn from the preceding analysis and com- 
ments that rules (a) and (b) quoted above are of little practical value 
I hasten to say that (even if this be largely true in the case of the 
straight line) many cases arise in practice in which the parameters 
do not enter the equations to the first degree and the normal equations 
are not susceptible of rigorous solution. Under these conditions the 
computer is forced to resort to some method of approximation. Then 
rules (a) and (5) constitute a systematic plan of attack which should 
not be despised. 

As a concrete example let it be required to determine the circle which 
will “best” represent a set of observed data, the abscissas of the points 
(xi, yi) being free from error while each ordinate is fallible and assigned 
the weight unity. 

Let the equation of the circle be 

(x—a)?+(y—bP =e 
then = 2(b—y;+Ri)’ 
where Rp=Ve—(xj-—a). 

Equating to zero the first derivatives of with respect to a, b, and 
c it will be found that 


xy Mii 
— }b—)-— + 2x=0, 
(x=) u R; 
nb+ZR;—Zy=0, 
(Z= )o- LF +n=0. 
R; Ri 


Since R; is a function of a and c, and there are as many values (m) 
for the quantity under the radical as there are observed points, it would 
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be practically impossible to solve rigorously the last three normal 
equations for a, b, and c. 


Putting a=a,+t, b=b+n, c=co+f, and .Rj=Vc2—(xj—a,)* it 
will be found readily that the approximation expression to which rule 
(a) may be ne is 


“i 
The geometrical significance of the coefficients of §, n, and ¢ is 
extremely easy to follow (especially with the aid of a diagram) in the 
case of formula (26). When the ordinate 5, of the center of the circle 
is increased by the amount 7, while = ¢ = 0, the ordinate »; of the inter- 
section of the circle with the fixed line x =x; will also gain the increment 
n. Analytically, the equation 
(x; —a)? + (0; —b)? =c? (27) 
gives Ov; _ 1. 
ab 
When the radius c, of the circle receives the increment ¢, while —§ = 7 =0, 
the ordinate 2; increases (to the first order of approximation) by {sec#, 
where @ denotes the angle which the line joining (a, 5.) to (xj, .vj) 
makes with the axis of ordinates. cos = (.0; —b,)/c.=oRi/¢o. Analyti- 
cally, equation (27) gives 


eet nt tbo — yi toRi. (26) 
oRi 


a 2 

dc %—b 
When the abscissa a, of the center of the circle is increased by the 
amount £, while »={=0, 0; acquires the first order increment ¢ tan @ = 
t(x;—a.)/.R;. Analytically, condition (27) gives 

dv; _xj—a 

da v—b 

The discussion of equations which are linear in the observed data, 
x and y, would not be complete if it did not include the form y= mx. 
This occurs in practice under various circumstances, for example, 
m may denote density so that x and y symbolize corresponding values 
of the volume and mass respectively of several samples or specimens of 
the same substance. [See R. M. Stewart loc. cit. p. 226.] 

The equation y=mx, of course, gives infinite weight to the point 
(0, 0), in other words, it forces the straight line to pass through the 
origin“ of codrdinates. The following more general problem will be 
solved below: To determine the equation of a straight line which will 
pass (exactly) through the point (a, y.) and make the sum of the 
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weighted squares of the residuals a minimum with respect to a set. of 
observed points (xj, yj), the constant weights wx and wy pertaining to 
abscissas and ordinates respectively. Since the argument runs parallel 
to the earlier analysis associated with equation (1) but little explanation 
of the successive steps will be given. However, the equations and 
functions will be assigned the same numbers as in the earlier work with 
the addition of doubly accented parentheses. 


mx —y + (vo—mx.) =0 (1) 
Y=w,.d (uj—xi)’+wy 2(0, —4)? (2)”" 
muj — v4 +(Vvo— mx.) =0 (3)”’ 


V =wz2(uj —xj)?+wy B[muz+(yo—mxp) — yi]? 
_ Wari +wyyim —Wy (Yo— MX) mM 
7 Wz+wym’ ; (5)/" 
yj = Wea wy yim’ + we (Yo— mae) 
Wz+wym 


Uj 











wy [(Vi — Yo) — (Xj —X0)m|m 
Wz +wym* | (6)” 
_ We [(yi—Yo) — (xj — Xo) ml] 


Wz +wym 


“uj — Xj = 


Vj = = 





Y—-Vi_ _ Ws 








uj — Xj wym 
The last ratio is a constant so far as the subscript i is concerned: 
¥ ==) I (vi yo) — (i — 80) mI? 
Wz+wym* 1 
ya Sy { [2x*+-nx,? —2x,(Ex)|m? —2 [Exivitnxeye — 
wz +wym? oe 
%o(Zy) — Yo(Zx)|m +[Zy* +-nyo? — 2y4(25)] (8)”” 


Equating to zero the derivative of the first order of ¥ with regard to 
m gives the following quadratic 
+ w ~P"’ — Wy R” 
Q” 


wym? m—wW,=0 (16)”” 


where 


Pp” = Dx? +nx,? _- 2x.(Zx), 
QO” = Txiyji +NXo—Xo(ZY) —Yo(Zx), 
R"' = 2y*-+ny.?— 2y0(2y). 
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Lat m = V™: tan — 
Vw, 
then tan 2U" = 21 V waey|Q”” (16’)"” 


w,P"' —WyR” 


&y _ 2WelWy [ (we ’ —wyR’’)? +4 wzwyQ'’’|(Q’'m) 











dm? (wz+wym?)'Q’” 
ie 11\2 sre) Po ee 
mg = LY (weP WyR"’)?+4wzwyO |_(w.P’’—w,R’’) (17")"" 
2w,Q”’ a 
VY, = 4 (weP” +wyR” —|/S"|) (18)”’ 
where S"'=(w,P” —wyR’’)*+4w,w,Q’”. 


From formulas (6)’’ it follows at once that 
2(uj —xj). = wym, [(nx.—Zx)m.—(nyo—Zy)|/ (wz sue (28) 
2 (05 —Yi)o = —ws| (nx, — Tx) Mm —(ny.—Zy)]/(ws-+wym,’). 

In general, the bracketed polynomial common to the expressions just 
written does not vanish. [A result of this kind seems to me to annihilate 
even the spirit of Dr. N. Campbell’s article. loc. cit.| When x, =(Zx)/n 
and y.=(Zy)/n, that is, when the point (x, y.) coincides with the 
centroid of the observed points (2;, yj) then formulas (28) vanish 
and the problem reduces to the one treated in the first part of this 
paper. 

By employing formula (18)’’ to obtain expressions for dV,/dx,=0 
and d¥,/dy,=0 it can be shown that ¥, has the minimum value #, 
[formula (18)] when x,=% and y,=%. This constitutes an additional 
proof that formula (17’) gives the slope of the line which causes ®, to 
be a minimum among minima as explained earlier. 

In the special case where x=y.=0 formula (17’)’’ reduces to 
me = {| V(wzEx*—wyZy*)? + 4wewy(Zxxyi)*| — (weBx*—w,Zy*)} / 2wy (Zxiyi) 
which is equivalent to the expression given by Stewart in his solution 
of the condition y = mx (loc. cit. p. 227). 

The adjustment of equations of straight lines, parabolas, etc. to fit 
observed data is sometimes called “curve fitting”. In one respect, at 
least, this may be considered infelicitous if not confusing since the 
term (or some equivalent) is used regardless of the relative weights 
of the two coérdinates. If the discrete points of a set were plotted on 
graph paper and I were assigned the problem of drawing or constructing 
a continuous curve of a specified kind (straight line, or circle, or para- 
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bola, etc.) to fit the points as closely as possible, I should endeavor to 
so place the curve as to make the sum of the squares of the lengths of 
the normals dropped upon it from the given points a minimum. In 
other words, if a little circle were drawn about each point as center and 
tangent to the curve in question I should desire to have the sum of the 
areas of the circles as small as possible. In particular, if the required 
curve were a circle I should assuredly not try to construct it in such a 
manner as to make the sum of the squares of the distances from the 
given points to the circumference measured along lines parallel to either 
one of the coérdinate axes a minimum. Nevertheless, this is precisely 
what many writers do when they apply rule (a) to equations of the form 
y=a+bx+cx*. One logical (non sequitur) fallacy which results is the 
following: Any equation of the first degree in x and y represents a 
straight line. The minimum distance from a point to a line is the 
length of the perpendicular dropped from the point upon the line. 
Accordingly, since the method of least squares gives the best or most 
probable line, it follows that this method necessarily furnishes the 
equation of the line such that the sum of the squares of the perpendicu- 
lars dropped upon it from the given points is a minimum. It might be 
well to restrict the term “‘curve fitting” to the natural case w;=wy and 
to coin some new term (perhaps “function adjusting”) for the general 
case of unequal weights. 

If it were possible to magnify this paper sufficiently to permit it to 
be likened to the irregular sky line of a rugged sea coast from which 
the observer is rapidly receding on a steamship, the last thing 
to be seen would be this: If it be deemed worth while to use the 
method of least squares, one should first make a reasonable estimate of 
the relative weights of the observed quantities and then proceed to 
apply the method correctly. If it seems imperative to use rule (a) and 
the form y=a+bx+cx?+ .. . when the 2’s are very fallible (thermal, 
or calorimetric data, etc.) and the y’s are far more accurate (linear, or 
volumetric, or electrical resistance data, etc.) it is only fair to state 
that the method of least squares was not involved in the determination 
of the parameters a, b,c, . . 

Two things remain to be said: first, I have obtained a number of 
interesting results for linear equations in three and four variables, 
for circles, and for parabolas. I hope to present the salient points of 
this analysis at a later occasion and as a supplement to the present essay. 
Second, I desire to express my full appreciation of the fact that my 
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1riend and colleague, Professor F. E. Beach, is entirely responsible for 
having excited my interest in the fallacies referred to in the preceding 
pages. 

SLOANE Puysics LABORATORY, 


YALE UNIVERSITY, 
Jury 3, 1923. 


Variation of the Photoelectric Activity of a Potassium Ferro- 
cyanide Solution with the concentration of the solution.— Poole 
measured the saturation photoelectric current from solutions of K,Fe 
(CN), of various concentrations ranging up to 28g of salt per 100 cc of 
water, excited by light from a mercury arc through quartz. The quan- 
tity measured was the rate of rise of the potential of the solution from 
zero when a grid above it was raised to 300 volts; apparently there was 
air in the chamber though this is not definitely stated. The principal 
experimental difficulties were due to the inconstancy of the arc and the 
photoelectric current from dust lying on the surface of the solution or 
diffused through it. The saturation current from the solution is found 
to increase with concentration, at first linearly, then at an increasing 
rate. This shows that the photoelectrons cannot come exclusively from 
either or both sets of ions of the dissociated salt, for if this were so the 
curve of current versus concentration would bend downward rather 
than upward. An upward bend would occur if the undissociated 
molecules of the salt were sensitive, the ions insensitive. In this case 
the curve of current versus concentration of undissociated molecules 
would be a straight line, and on determining this latter quantity by 
conductivity measurements and plotting the current against it, Poole 
again obtains an upward-bending curve. It is found necessary to 
introduce some ad hoc assumption, e.g. that the ferrocyanide radicals 
are sensitive whether in combination or isolated, and that they are 
more sensitive when crowded close together than when far apart. 
[J. H. J. Poole (Dublin) Phil. Mag. 45, pp. 895-906; 1923.] 

K. K. DaRRow 
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APPARATUS NOTES AND NEWS 











A New Descriptive Pamphlet has been issued by the Brown Instru- 
ment Company, of Philadelphia, under the title ‘““The Automatic 
Control of Temperature in the Heat Treating of Steel,” giving some 
constructional details, facsimilar charts, and other information per- 
taining to the Brown Automatic Control Pyrometer. 


The Bristol Company, of Waterbury, Conn., announce their new 
Bulletin (No. 319), describing the Bristol-Fuller controller valve 
for controlling automatically the flow of air and gas, air and oil, steam 
and oil, and other gases or liquids, in connection with temperature 
control or other processes. 


A brochure, “Success in Practice,” by C. H. Ash, has recently been 
printed by the Roycrofters for the Spencer Lens Company, of Buffalo, 
and is being distributed to physicians and medical students. Be- 
ginning with a quotation of the code of ethics of a physician of An- 
cient Greece, the pamphlet gives a statement of the ideals of present 
day medical practice and concludes with a reference to the importance 
of the microscope to medicine and with a statement of the ideals of 
the Spencer Lens Company in aiming to produce a microscope as 
nearly perfect as is humanly possible. 


New Catalog.—-The Kewaunee M anufacturing Company, of Kewaunee, 
Wis., announce that their book of laboratory furniture is now ready 
for distribution to those interested in equipping laboratories for 
schools, colleges, universities, hospitals, medical colleges, clinical 
labarotories, patheological laboratories and industrial laboratories. 
The book also covers a complete line of vocational laboratory equip- 
ment. It contains over four hundred pages, covering mechanical 
ventilation for chemical hoods, Laboratory fittings, and twenty-five 
pages of floor plans. The book will be sent without charge, prepaid, 
to those who write, giving their position and on official stationery of 
their institution. 


New Pump.—The Braun-Knecht-Heimann Co., of San Francisco, 
Calif., have distributed a folder announcing the New Nelson Pump, 
designed to produce vacuum, blast or pressure and suitable as a small 
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unit for laboratory and commercial purposes. As a vacuum pump 7 
it will work at better than .02 mm and is suitable for use as a fore 
pump for a mercury diffusion pump. The makers claim that for 
blast purposes, it will furnish sufficient air to operate several blast 
lamps, and that it is sealed for pressures up to 50 pounds per square 
inch. 


It operates at 200-250 rpm using a ;'5 to } hp motor, depending 
on the service required and weighs, with oil, 164 pounds. 


Correction.—On page 677 of Volume 7 (August, 1923) is a note 
describing the Exhibit of Scientific Apparatus held at the Bureau of 
Standards, April 20th and 2ist, 1923. In this note the Precision 
Thermometer and Instrument Co. of Philadelphia was referred to as 
the exclusive American manufacturers of pentane thermometers for 
low temperatures. We are advised that the Taylor Instrument 
Companies, Rochester, N. Y., have for years been making pentane 
thermometers. Eprtors 


Waves and Quanta.—A particle of rest-mass my possesses intrinsic 
energy m,c* in a system S’ in which it is at rest. Its mass in a system 
S, relatively to which it is moving with speed fc, being mo/ V1—86, 
its intrinsic energy in S is correspondingly increased. Imagine that 
in S’ it has a natural frequency m defined by kn=my,c*. Owing to the 
time-change in the Lorentz transformation this frequency appears in 


S to be nV1—6*, or only (1—8*) of the frequency corresponding to 
the intrinsic energy in the system S. Imagine now a wave-train 
proceeding through the system S, in the same direction as the particle, 
with frequency n/Vi—§? and speed c/s. The phase-difference 
between the vibration in the particle and the vibration in the wave- 
train at the point occupied by the particle is constant, and the two 
vibrations remain in phase if at any instant they are in phase. If the 
speed of the particle is very slightly less than c, the speed of the wave- 
train is very slightly greater. This is de Broglie’s idea of a light- 
quantum. Imagine next that an electron is revolving in an orbit with 
speed 8c much less than c, in a period 7; and that the wave-train also 
travels around the orbit with the much greater speed c/8, catching 
up with the electron after a time-interval 6°7/(1—§*)=t. The phase- 
difference between the vibration in the electron and the vibration 
in the wave-train at the instant of catching-up is 2 + n t /V1—8*, 
and vanishes if and only if mo6*c?T/1—8?=some integer multiple 
of h. For motion at uniform speed in a circular orbit this reduces to 


Bohr’s condition for a stationary orbit. (L. de Broglie; C. R. 177, 
pp. 507-510; 1923.) 


K. K. Darrow 








